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Determinant

[ERN

Definition:
Let us consider the equationsa x + b,y =0, ax + by =
a; _y _ a _ & _
______ —-= — = —= ab,—ab =0
= bl X b2 = bl b2 = 172 21
o a; by
we express this eliminant as =0
a, by
a; byl . .
The symbol is called the determinant of order two.
a, Dy

Itsvalue isgivenby: D=ab,-a,b,

N

Expansion of Determinant’
a by ¢
The symbol |a, b, c,| is called the determinant of order three.
az bz c3
Its value can be found as:
b, ¢ b, ¢ b, c
D= al 2 2 _ az 1 1 + a3 1 1 OR
bs c3 bs 3 b, ¢,
b, ¢ a, ¢ a, b
D=a, 2 e —12 | +c12 ? .'&soon.
b; c3 az Cs az b,
In this manner we can expand a determinant in 6 ways using elements of ; R,, R,, R;orC,, C,, C,.
Minors:

w

The minor of a given element of-adeterminant is the determinant of the elements which remain after
deleting the row & the column in which the given element stands. For example, the minor of a_ in

a, by ¢

. P2 C» . la; ¢y
a, ‘b, cyl is & the minor of b, is .

by c3 as Cy

az by c;
Hence a determinant of order two will have “4 minors” & a determinant of order three will have “9
minors”.
Cofactor:

A

Cofactor of the element a, is C= = (=1)m M, Where i & j denotes the row & column in which the

particular element lies.

Note that the value of a determinant of order three in terms of ‘Minor’ & ‘Cofactor’ can be written as:
D=a M, -a M, +a M

13
OR D= aC +a12C12+a C3&soon

o

©

~

Transpose of a Determinant: _ _ _ _
The transpose of a determinant is a determinant obtained after interchanging the rows & columns.
a, by ¢ a, a, as
D = a.2 b2 C2 = DT = bl b2 b3
az bz c3 €, Cp C3

Symmetric, Skew-Symmetric, Asymmetric Determinants:

() A determinant is symmetric if it is identical to its transpose. Its i" row is identical to its i*"
columni.e. a, =a, forall values of 'i'and'j’

(i) A determinant is $kew-symmetric if it is identical to its transpose having sign of each element
invertedi.e. a =—a forall valuesof 'i'and'j". A skew-symmetric determinant has all elements
zeroinits pr|HC|paI dlagonal

(iii) A determinant is asymmetric if it is neither symmetric nor skew-symmetric.

Properties of Determinants: _ _

() The value of a determinant remains unaltered, if the rows & columns are inter changed,

a by ¢ a a, as
|e D= 8.2 b2 C2 = bl b2 b3 =D’

a; by cy C, C, Cgy
(i) If any two rows (or columns) of a determlnant be interchanged, the value of determinant
is changed in sign only. e.g.
Let D=[@2 by €] & D'=|& b1 € Then D' =-D.
a.3 b3 C3 a3 b3 C3

NOTE : A skew-symmetric deteminant of odd order has value zero.
Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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(iii) If a determinant has all the elements zero in any row or column then its value is zero,
0 0 O
i.e. D=2, by ¢y =o0.
az bz c3
(iv) If a determinant has any two rows (or columns) identical, then its value is zero,
a, b, ¢
i.e. D=l|a; by ¢4 =0.
az bz c3
V) If all the elements of any row (or column) be multiplied by the same number, then the determinant
is multiplied by that number, i.e.
a; b, ¢ Ka, Kb; Kc;
D=z by ¢C; and D'=]a; by ¢c; Then D’=KD
az bz c3 azg by c3
(vi) If each element of any row (or column) can be expressed as a sum of two terms then the

determinant can be expressed as the sum of two determinants, i.e.
a;+x by+y ci+zf ja; by ¢ X y z
a, b, C, |=la, b, cyl+a, b, ¢,
asz bs C3 az by c3 |ag bz cj3

(vii) The value of a determinant is not altered by adding to the elements of any row (or column) a
constant multiple of the corresponding elements of any other row (or column),

a, b, ¢ a, +may.- b, +mb, c,+mc,
ie. D= by c;] and D' =| & b, C2 |.ThenD.=D
as; bz c3 az+na; bz+nb; c3+nc
abc
Example : Simplify |b ¢ a
c ab

a+b+c a+b+c a+b+c
Solution. Let R,>R +R,+R, = b (o a
c a b

T Q-

11
=(a+b+c)|b ¢c
c a
Apply C—-C -C,C,—»C,-C,

0 0o 1
(a+b+c)|b-c c-a a

c—-a a-b b
(@a+b+c)((b-c)(a-b)-(c-a))
(a+b+c)(ab+bc—-ca—-b?-c?+ 2ca-a?
(a+b+c)(ab+bc+ca-a?-b%?-c?
3abc-a*-b*-c?

a b c¢

Example : Simplify |a® b? c?

bc ca ab

a2 b? ¢
a3 b3 3

c
abc abc abc

2

Solution. Given detereminant is equal to = abe

1 1 1
Apply C, »C -C, C,—»C,-C
a?-b? b?-c? ¢?
a®-b® p*-c® ¢*
0 0 1
Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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a+b b+c c
=(a—-b)(b-c)|a*+ab+b® b®+bc+c® c?
0 0 1

=(a—Db)(b—-c)[ab?+ abc + ac? + b3 + b2C + bc?2 — a%b — a?c — ab? — abc — b® — bc]
=(a—-Db) (b-c)[c(ab + bc +ca) —a(ab + bc + ca)]
=(a—b)(b—-c)(c—a)(ab + bc + ca) Use of factor theorem.

USE OF FACTOR THEOREM TO FIND THE VALUE OF DETERMINANT

If by putting x = a the value of a determinant vanishes then (x—a) is a factor of the determinant.

a b ¢
Example : Prove that | a® b? ¢?| = (a=b) (b-c) (c—a) (ab + bc + ca) by using factor theorem.
bc ca ab
Solution. Leta=Db
a b ¢
= D=|a® b® c¢*|=0 Hence (a —b) is a factor of determinant
bc ac ab
Similarly, let b=c¢,D=0
c=aDb=0
Hence, (a — b) (b — ¢) (c — a) is factor of determinant. But the given determinant is of fifth
order so
a b ¢
2 b2 2
a C | =(@-b)(b-c)(c—a) (A (a2+ b2+ c?) +pu(ab+ bc + ca))
bc ca. ab

Since this is an identity so in order to find the values of A and . Let
a=0/b=1,c=-1

—2=(2) (2h=) |
@ -p)==1 - .. 0]
Leta=1,b=2,c=0
120
1 4 0| =(-1)2(-1) (Br+2p)
00 2
= 5ha+2u=2 LA (ii)
from (i) and (i) A= 0and p=1
a b c¢
Hence |a?> b? ¢? | =(a—b)(b=c) (c—a) (ab + bc + ca).
bc..ca ab

Self Practice Problems
0 b-a c-a

Find the valueofA=|a-b 0 c-Db|. Ans. O
a-c b-c O

b?-ab b-c bc-ac

=

2. Simplify |[ab-a? a-b b?-ab]|. Ans. O
bc—ac c-a ab-a®
a-b-c 2a 2a
3. Prove that | 2° ~b-c-a 2b =(a+ b+c)s.
2c 2c c-a-b
1 a bc
4, Showthat [1 b ca| =(a—Db)(b-c)(c—a) by using factor theorem .
1 c ab
8. Multiplication Of Two Determinants:
a; by ly my a;l+byl,  aymi+bym,
X =
a, b, |t, myl [|ayl4+byl, a,mi+b,m,

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

a; b, ¢ £, my ng alqy+byly +cely  amg+bm, +cimy @y +byn, +cqng

a, b, Cy x|, m, n,| =[aly+byl, +Cyrls a,my+b,m,+coms  a,ng +bon, +C,oN4

ag bg c3| |[l3 mg ng| [agly+bgl,+Cal3 azmy+bgm, +cymg  agng +bgn, +C3ng
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We have multiplied here rows by rows but we can also multiply rows by columns, columns by rows and
columns by columns.

If A=|a,| is a detereminant of order n, then the value of the determinant |A,| = A"~*. This is also known

page 5 of 54

& as power cofactor formula.
S _ . 2 ‘ 3 - ‘
) Example : Find the value of X and prove that it is equal to .
-1 3 -1 4 -6 12
Solution. ‘1 2 X 3.0
-1 3 -1 4
1x3-2x1 1x0+2x4
- ‘—1><3+3><(—1) —1><O+3><4‘
1 8
= ‘—6 12‘ =60
ajX;+byyy  aXp; +byy,  aXz +byys
Example : Prove that [a,x; +byy;  asx, +byy,  a,X3 +byys| =0
agX; +Dgy; azx; +bgy, agxz +bgys
Solution. Given determinant can be splitted into product of two determinants
a;Xy+byy;  ax; +byy, axg+bys a; by ¢ X1 Xz X3
i.e. axXy +boyr axXp +Dyy, axXz+byysl =fa; by cl X |1 Y2 Y3 =0
agXy +bgy; asX, +bgy, azxs+bgys az bz c3 0 0 O
(a; - bl)z (a,—by)* (a;— b3)2

Example :  Provethat [(a, —-b;)?> (a,-b,)?> (a;—bs)?
(az—by)? (a;-b,)* (as—by)?
=2(a,-a,)(a,—a) (a,—a,) (b,—b,) (b,—b,) (b, =Db,).
(a;-by)?  (a;—by)> (a; —bs)?
(a, -b;)? (ay—hs)? (az - bs)z
(as - by)? (as - b,)? (az - bs)z

: Solution.

2 2
al2 + b22 —2a;b, a;” +b3" —2ajbs
2 2 2
a,” +bhy,” —=2a,b, a22 +b3” —2a,b,
a32 +b,? - 2a4b, a32 + b32 —2a5b,

2
a;” + bl2 — 2a;b,
2
= |a, +b12 - 2a,b,;
a32 +b, %= 2a;b,

a,” 1 —2a; 1 1 1
=la® 1 -2a,| x | b’ by’> by’

a,® 1 —2a, b, b, b

1 al2 a; 1 bl2 b,
=211 a22 a, | x |1 b22 b,

1 a32 as 1 b32 b,

=2(a,—-a,) (a,-a,) (a,—a,) (b, -b) (b,—b,) (b,—Db,)

cos(A-P) cos(A-Q) cos(A-R)

cos(B-P) cos(B-Q) cos(B-R)| =0

cos(C-P) cos(C-Q) cos(C-R)

cos(A-P) cos(A-Q) cos(A-R)

cos(B-P) cos(B-Q) cos(B-R)

cos(C-P) cos(C-Q) cos(C-R)

cosAcosP +sinAsinP  cosAcosQ+sinAsinQ cosAcosR +sinAsinR
= | cosBcosP +sinBsinP  cosBcosQ +sinBsinQ  cosBcosR +sinBsinR
cosCcosP +sinCsinP  cosCcosQ +sinCsinQ cosCcosR +sinCsinR

Example : Prove that

Solution.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag
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cosA sinA O
cosB sinB O
cosC sinC 0

cosP cosQ cosR
sinP  sinQ sinR
0 0 0

=0x0=0.
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Self Practice Problems

1. Find the value of A
2bc — a? c? b2
2 2 2
C2 2ca;b a ) Ans. (3abc-a3—b3-c?)?
b a 2ab-c
<
1 cos(B—A) cos(C-A) nid
2. If A, B, C are real numbers then find the value of A = | cos(A —B) 1 cos(C-B) |. Ans.0 8
cos(A-C) cos(B-C) 1 g
9. Summation of Determinants 8

f(r) a(r) h(r)
LetA(r)=|a; a, aj
b, b, by
where a , a,, a,, b, b,, b, are constants indepedent of r, then

Dot D ogr) D hr)
r=1 r=1 r=1

n
ZA(r) = al a.2 a.3
r=1

Here function of r can be the elements of only one rowor column. None of the elements other then that
row or column should be dependent on r. If more-than one column or row have elements dependent on
r then first expand the determinant and then find the summation.

Lo2r=1 ng 2'

Example : Evaluatez x cos’® y
=1 | p2 2"_1 2™l_»2

p i(Zr—l) incr iz'
— [r=1 r=1 r=1

Solution : zDr 5
o1 X cos< 0 y

n? 2" 1. 2M 2o
n? 2"-1 2" _>2

= | x cos?@ y -0
n2 2n _1 2ﬂ+l_2

n-2 Cr_z n-2 Cr_]_ n-2 C
Example : D = 3 1 1
2 1 0

r

n
evaluate zDr
r=2

n-2 n-2 n-2
n Cr—Z Cr—l C

Solution : iDr = z 3 1 1
r=2

r=2 2 1 0

r

"2Cy+"?Cy+...+"2C, "2C +"2C,+..+"2C,, "?C,+"%Cy+...+"%C,,
= 3 1 1
2 1

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal, Phone: 0903903 7779, 098930 58881
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- 1) 22 oty 22 _1-n

1 1
S =2"t-n-3
o
o r-1 1 0 N
%Example : IfA=| 2 r 3+r|,find Z A,
= r+1 -1 -2 r=1
5—’) Solution. On expansion of determinent, we get
> n
m D=(-1)B-nN+7+r*+4r=8r+4 = ZA,:4n(n+2)
(7)) r=1
E Self Practice Problem
g n r-1 x 6
. 1. Evaluate ZD, r-1% y 4n-2 Ans. O
=1 (r-1° z 3n®-3n
10. Integration of a determinant
o
= f(x) 9(x) h(x)
O Let Ap)=|% D1 G
(J- az b2 C2
8 where a,, b, ¢, a,, b,, c, are constants independent of x. Hence
9] b b b
(7))
8 b j f(x) dx j g(x) dx j h(x) dx
a a a
% J. A(X) dX = al bl Cl
X’ a a b (o]
Q) 2 2 2
=
Note : If more than one row or one column are function of x then first expand the determinant'and then
integrate it.
COS X 1 0 nl2
~: Example: Iff(x)=| 1 2cosx 1 |, thenfind J- f(x) dx
0 1. 2cosx 0
Solution. Here f(x) = cosx (4 cos®*x — 1) —2-€0S x
= 4 cos®X — 3 cOS X = €0S 3x
nl2 . /2
sin3x 1
SO j cos3x dx = 3 L =-3
0
a’?-1 p*-2 y*-3 L
Example : ifa=| 6 4 3 |, thenfind I A(X) dx
X x2 x3 0

a?-1 p>-2 4%-3
A(x)dx = 6 4 3
1 1 1
X dx J x? dx J x3 dx
0 0

Solution.

Oty

0

a?-1 p%-2 y*-3 a2-1 p2-2 y2-3
6 4 3 1 6 4 3 0
= 1 1 1 = 75 =
= = = 12 | 6 4 3
2 3 4
11. Differentiation of Determinant:

fi(x)  f(x)  f3(x)
Let A(x) = [82(X) 92(X) 9g3(x)
hi(x) hy(x) hs(x)
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i) fa(¢) )] () ) () [H) f(x) f3(X)
then A’(x) = |91(X) G2(X) 93(x) + [01(X) 92(X) Ga(X)| + (G1(X) G2(X) G3(X)
hi(x) hy(x) hg(x)|  [(x) ha(x) ha(x)]  |hi(x) ha(x) h3(x)

3 2 1
Example : If f(x) = 6x> 2x> x*, then find the value of f(a).
1 a a?
3 2 1
Solution. fr(x) = 12x 6x* 4x3
1 a a°
3 2 1 3 2 1
f'(x) = 12 12x 12x2 — fr@)=12 |1 a a?l =o.
1 a a? 1 a a°
Example : Let a be arepeated root of quadratic equation f(x) = 0 and A(x), B(x) and C(x) be polynomial of

degree 3, 4 and 5 respectively, then show that
A(x) B(x) C(x)
A(a) B(a) C(a)

divisible by f(x).
Al(a) B(a) C(a)
A(x) B(x) C(x)
Solution. Let gx) =] A(a) B(a) C(a)
Al(a) B(a) C(a)
A'(x) B'(x) C(x)
S g00=| AW B C)
A'(a) B'(a) Cl(o)
Since g(a) =g'(a) =0
= g(x) = (X/— a)? h(x).i-e. a is the repeated root of g(x) and h(x) is any.polynomial
expression of degree 3. Also f(x) = 0 have repeated root o... So g(x) is divisible by f(x).
Example : Prove that F depends only onx,, x, and x,
1 1 1
F= X, +8, X5 +8, X3 + 8y

X2 +byx; ¥by  X3%byx, +by X5 +byxg +b,

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

and simplify F.
0 0 0
_ dF
Solution : da - X1 t+a; Xz +a Xz +&
Lo x2 +bx +b, X3 +bix, +b, X3 +byxg+b,
1 1 1 1 1 1
+ 1 1 1 + [Xg+8; Xpo+a; Xg+ay =0
X2 +bx;+b, X3 +bx, +b, X3 +byxg+b, 0 0 0
Hence F is independent of a,.
I dF
Similarly dF =—=
do, db,
Hence F is independent of b, and b, also.
So F is dependent only on x|, X,, X,
1 1 1
Puta,=0,b,=0,b,=0 = F=|Xs Xy, Xz
XP X3 X3
= (X, = X,) (X, = X;) (X, —X,).
e sinx )
Example : If =A+Bx+Cx2+ ... , then find the value of A and B.
cosx /n(l+x)
Solution : Putx =0in
e sinx

=A+Bx+Cx?+ ...

cosx /n(l+x)

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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10
= =A A=0.
10
Differentiating the given determinant w.r.t X, we get
x :
e  cosx € S'EX CBiaCxs
cosx /n(l+Xx) msinx o - XF e
Put x = 0, we get
11 10
10/ *lo 170
= =-1+1=0
‘ A=0,B=0
Self Practice Problem
x x-=-1 x
1. if | 2% X+1 11 - axs 4 bx2 + cx + d. Find
x+1 1 X
0) d Ans. [-1]
(i) a+b+c+d Ans. [-5]
(i) b Ans. [-4]
12. Cramer's Rule: System of Linear Equations
(i) Two Variables
(@) Consistent Equations: Definite & unique solution. [ intersecting lines ]
(b) Inconsistent Equation: No solution. [ Parallel line ]
(©) Dependent equation:  Infinite solutions. [ Identical lines ]

Let ax+by+c¢c,=0 & ax+b,y+c,=0 then:
a _ by ¢ . . . .
— . T e = Given equations are inconsistent &
a,” b, ¢
a _by G
a, by ¢
(i) Three Variables

Givenequations are dependent

Let, ax+by+cz=d...... (0]
ax+by+cz—d2 ............ ()
ax+b3y+cz—d ............ Un)
D D
Th ==, y=—2 z=2
o XTp "TDb 7D
a, b, ¢ d, b, c, a, d; ¢ a, by d
Where-D'=[32 P2 C2 ;D1:d2 by €y D, = [%2 d; ¢, &D,= 22 b, d;
az bz c3 d; bz c3 az d; Cj az b dj
(iii) Consistency of a system of Equations
@ If D # 0 and alteast one of D, D, D, # 0, then the given system of equations are consistent and
have unique non trivial solution”
(b) If D=0&D,=D,=D, =0 then the given system of equations are consistent and have trivial
solution only
(© If D=D,=D,=D, =0, then the given system of equations have either infinite solutions or no
solution.

All the cofactors of D,, D, and D,
are zero, then system
will have infinite solutions

All zeros
Cofactors of atleast one of D,, D, and D,
is non zero, then system will have
Cofactors of D no solution.

Atleast one non zero, then system

will have |nf|n| ] solutlons
(Refer Example & Self Practice Prob em with*)

If D =0 but atleast one of D, D, D, is not zero then the equations are inconsistent and have no solution.
If a given system of linear equatlons have Only Zero Solution for all its variables then the given equations
are said to have TRIVIAL SOLUTION.
(iv) Three equation in two variables :
If x and y are not zero, then conditionforax+by+c, =0; ax+by+c,=0 &

a; by ¢

—~
D QO
~—

ax+by+c,=0 to be consistent in xandy is @ b, ¢,/ =0.
az bz c3
Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Find the nature of solution for the given system of equations.

Example:

Solution.

*Example :

Solution.

*Example :

Solution.

Example :

Solution.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.

X+2y+3z=1
2x + 3y + 4z
3x +4y + 5z

3

=0
1 2 3
LetD=1|2 3 4
3 45

applyC,»C,-C,,C,—»C,-C,

-1 -1 3
D=|-1 -1 4|,=0 D=0
-1 -15
12 3
Now, D,=|3 3 4
0 45
C,—»C,-C,
121
D,=13 31
0 41
R, -R -R,, R,>R,-R,
-2 -10
D,=|3 -10f=5
0 4 1
D=0ButD,#0 Hence no solution

Solve the fohowing system of equations
X+y+z=1

2x + 2y +2z2=3

3X+3y+3z=4

D= =0

W N -
W N =

1
2
3
D, =0, D,=0, D,=0
o Létz=t"
X+y=1-t
2x +2y =3-2t

Since both thelines are parallel hence no value of x and y Hence there is no solution of the

given equation.

Solve the following system of equations
X+y+z=2

2x +2y +2z2=4

3Xx+3y+3z=6

D=

W N -
W N -
W N -

D,=0,D,=0, D,=0

All the cofactors of D, D,, D, and D, are all zeros, hence the system will have infinite solutions.
Let z=t,y=t, = X=2-1 -1,

where tl,% eR.

Consider the following system of equations
X+y+z=6

X+2y+3z=10

X+2y+Az=u

Find values of A and p if such that sets of equation have

() unique solution
(iii) no solution
X+y+z=6
X+2y+3z=10

X+2y+Az=p
111
D= 12 3
12 A

Here for A = 3 second and third rows are identical hence D =0 for A = 3.

infinite solution
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6 1 1

10 2 3
po 2

N

N e =
T B o

09 > werk o

1

12 pn
If \=3thenD, =D,=D,=0 for u=10
() For umque Solution D =0 i.e. A#3
(in) For infinite solutions
D=0 = A
D,=D,=D,=0 = V]
(iii) For no‘solution
=0 = A=3
Atleast one of D, D, or D, is non zero = g = 10.
Self Practice Problems
*1. Solve the following system of equations
X+2y+3z=1
2Xx+3y+4z=2
3x+4y +5z2=3
Ans. X =1+t y = -2t z =t wheret e R
2. Solve the following system of equations
X+2y+3z=0
2x+3y+4z=0
X-y—-z=0 Ans. x=0,y=0,z2=0
3. Solve:(b+c)(y+z)—ax=b-c,(c+ta)(z+x)-by=c—-a, (a+b)(x+ty)-cz=a-b
where a+b+c#0.
Ans.  x= c-b __9°C o b-a
a+brc’’  a+brc! a+b+c
Let2x+3y +4=0;3x +5y + 6 =0, 2x2+ 6xy + 5y2+ 8x + 12y + 1 + t = 0,.if the system of equations
in x and y are consistent then find the value of t. Ans. t=7
3. Application of Determinants:
Following examples of short hand writinglarge expressions are:
0] Area of a triangle whose vertices are (X, y); r = 1,2, 3 is:

X1 Y1

1
D== %2 Y2 If D = 0 then the three points are collinear.
X3 VY3

D =

3

Xy
(i) Equation of a straight line passing through (x,, y,) & (x, ¥,)is |X1 Y1 =0
Xy Y2
(iii) The lines: ax+by+c =0.... (1)
ax+by+c2—0 ........ (2)
ax+by+c,=0..... 3)

a, b ¢
are concurrent if, a, b, c,l =0.
ag by cj

Condition for the consistency of three simultaneous linear equations in 2 variables.
(iv) ax2+ 2hxy + by2+ 2gx + 2fy + ¢ = 0 represents a pair of straight lines if:

a h g
abc + 2fgh—af2—bg2—chz2=0=|h b f
g f c
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