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1 . D e f i n i t i on :
Let us consider the equations a1x + b1y = 0, a2x + b2y = 0

 – 
1

1

b
a  = 

x
y  = – 

2

2

b
a


1

1

b
a

 = 
2

2

b
a

 a1b2 – a2b1 = 0

we express this eliminant as 
22

11

ba
ba

 = 0

The symbol 
22

11

ba
ba

 is called the determinant of order two.

Its value is given by: D = a1 b2  a2 b1
2 . Ex pans ion of  D et erminant :

The symbol 
333

222

111

cba
cba
cba

 is called the determinant of order three.

Its value can be found as:

D = a1
33

22

cb
cb

   a2
33

11

cb
cb

  + a3
 

22

11

cb
cb

  OR

D = a1
33

22

cb
cb

   b1
33

22

ca
ca

  + c1
33

22

ba
ba

... & so on.

In this manner we can expand a determinant in 6 ways using elements of ; R1, R2, R3 or C1, C2, C3.
3 . M i n o r s :

The minor of a given element of a determinant is the determinant of the elements which remain after
deleting the row & the column in which the given element stands. For example, the minor of a1 in

333

222

111

cba
cba
cba

  is 
33

22

cb
cb

 & the minor of b2 is
33

11

ca
ca

.

Hence a determinant of order two will have “4 minors” & a determinant of order three will have “9
minors”.

4 . Cofac t or :
Cofactor of the element aij is Cij = (1)i+j. Mij; Where i & j denotes the row & column in which the
particular element lies.
Note that the value of a determinant of order three in terms of ‘Minor’ & ‘Cofactor’ can be written as:

D = a11M11  a12M12 + a13M13
OR D = a11C11 + a12C12 + a13C13 & so on.

5. Transpose of a Determinant :
The transpose of a determinant is a determinant obtained after interchanging the rows & columns.

D = 
321

321

321
T

333

222

111

ccc
bbb
aaa

D
cba
cba
cba



6. Sy mm et ric ,  Skew-Sym metr ic ,  Asy mm et ric  D et erminant s:
(i) A determinant is symmetric if it is identical to its transpose. Its i th row is identical to its i th

column i.e. aij = aji for all values of ' i ' and ' j '
(ii) A determinant is skew-symmetric if it is identical to its transpose having sign of each element

inverted i.e. aij = – aji for all values of ' i ' and ' j '. A skew-symmetric determinant has all elements
zero in its principal diagonal.

(iii) A determinant is asymmetric if it is neither symmetric nor skew-symmetric.
7 . Prop ert ies  of Det erminants:

(i) The value of a determinant remains unaltered, if the rows & columns are inter changed,

i.e. D = 

321

321

321

333

222

111

ccc
bbb
aaa

cba
cba
cba

  = D

(ii) If any two rows (or columns) of a determinant be interchanged, the value of determinant
is changed in sign only.  e.g.

Let  D =
333

222

111

cba
cba
cba

  &  D = 
333

111

222

cba
cba
cba

Then  D =  D.

NOTE : A skew-symmetric deteminant of odd order has value zero.

Determinant
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(iii) If a determinant has all the elements zero in any row or column then its value is zero,

i.e. D = 
333

222

cba
cba
000

  = 0.

(iv) If a determinant has any two rows (or columns) identical, then its value is zero,

i.e. D = 
333

111

111

cba
cba
cba

  = 0.

(v) If all the elements of any row (or column) be multiplied by the same number,  then the determinant
is multiplied by that number, i.e.

D = 
333

222

111

cba
cba
cba

and  D = 
333

222

111

cba
cba
KcKbKa

Then  D= KD

(vi) If each element of any row (or column) can be expressed as a sum of two terms then the
determinant can be expressed as the sum of two determinants, i.e.

333

222

333

222

111

333

222

111

cba
cba
zyx

cba
cba
cba

cba
cba

zcybxa




(vii) The value of a determinant is not altered by adding to the elements of any row (or column) a
constant multiple of the corresponding elements of any other row (or column),

i.e.    D = 
333

222

111

cba
cba
cba

    and   D =
131313

222

212121

cncbnbana
cba

cmcbmbama





. Then D= D.

Example : Simplify  
bac
acb
cba

Solution. Let R1  R1 + R2 + R3 
bac
acb

cbacbacba 

= (a + b + c) 

bac
acb
111

Apply C1 C1 – C2, C2  C2 – C3

= (a + b + c) 
bbaac
aaccb
100




= (a + b + c) ((b – c) (a – b) – (c – a)2)
= (a + b + c) (ab + bc – ca – b2 – c2 + 2ca – a2)
= (a + b + c) (ab + bc + ca – a2 – b2 – c2)
= 3abc – a3 – b3 – c3

Example : Simplify    
abcabc
cba
cba
222

Solution. Given detereminant is equal to = abc
1

 
abcabcabc
cba
cba

333

222

= abc
abc

 
111

cba
cba

333

222

Apply  C1  C1 – C2, C2  C2 – C3

= 
100

ccbba
ccbba

33333

22222
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= (a – b) (b – c) 
100

ccbcbbaba
ccbba

32222

2




= (a – b) (b – c) [ab2 + abc + ac2 + b3 + b2C + bc2 – a2b – a2c – ab2 – abc – b3 – b2c]
= (a – b) (b – c) [c(ab + bc + ca) – a(ab + bc + ca)]
= (a – b) (b – c) (c – a) (ab + bc + ca) Use of factor theorem.

USE OF FACTOR THEOREM TO FIND THE VALUE OF DETERMINANT
If by putting x = a the value of a determinant vanishes then (x   a) is a factor of the determinant.

Example : Prove that 
abcabc
cba
cba
222  = (a – b) (b – c) (c – a) (ab + bc + ca) by using factor theorem.

Solution. Let a = b

 D = 
abacbc
cba
cba
222  = 0 Hence (a – b) is a factor of determinant

Similarly,  let b = c, D = 0
c = a, D = 0

Hence, (a – b) (b – c) (c – a) is factor of determinant. But the given determinant is of fifth
order so

abcabc
cba
cba
222

 = (a – b) (b – c) (c – a) ( (a2 + b2 + c2) + µ (ab + bc + ca))

Since this is an identity so in order to find the values of  and µ. Let
a = 0, b = 1, c = – 1
– 2 = (2)  (2 – µ)
(2 – µ) = – 1. ........(i)
Let a = 1, b = 2, c = 0

200
041
021

 = (–1) 2 (– 1) (5 + 2µ)

 5 + 2µ = 2 .......(ii)
from (i) and (ii)  = 0 and µ = 1

Hence 
abcabc
cba
cba
222  = (a – b) (b – c) (c – a) (ab + bc + ca).

Self Practice Problems

1. Find the value of  = 
0cbca

bc0ba
acab0





. Ans. 0

2. Simplify 
2

22

2

aabacacbc
abbbaaab
acbccbabb





. Ans. 0

3. Prove that 
bacc2c2

b2acbb2
a2a2cba






 = (a + b + c)3.

4. Show that 
abc1
cab1
bca1

 = (a – b) (b – c) (c – a) by using factor theorem .

8 . M ul t ip l ic at ion  Of Two Determinants :

22122212

21112111

22

11

22

11

mbmaba
mbmaba

m
m

ba
ba











 
333

222

111

cba
cba
cba

 ×
333

222

111

nm
nm
nm





 =
332313332313332313

322212322212322212

312111312111312111

ncnbnamcmbmacba
ncnbnamcmbmacba
ncnbnamcmbmacba
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We have multiplied here rows by rows but we can also multiply rows by columns, columns by rows and
columns by columns.
If  = |aij| is a detereminant of order n, then the value of the determinant |Aij| = n – 1. This is also known
as power cofactor formula.

Example : Find the value of 
31
21


 × 

41
03


 and prove that it is equal to 

126
81


.

Solution.
31
21


 × 

41
03



= 4301)1(331
42011231



= 126
81

 = 60

Example : Prove that 

333323231313

323222221212

313121211111

ybxaybxaybxa
ybxaybxaybxa
ybxaybxaybxa





 = 0

Solution. Given determinant can be splitted into product of two determinants

i.e.

333323231313

323222221212

313121211111

ybxaybxaybxa
ybxaybxaybxa
ybxaybxaybxa





 = 

333

222

111

cba
cba
cba

 × 
000
yyy
xxx

321

321

 = 0

Example : Prove that 
2

33
2

23
2

13

2
32

2
22

2
12

2
31

2
21

2
11

)ba()ba()ba(
)ba()ba()ba(
)ba()ba()ba(





= 2(a1 – a2) (a2 – a3) (a3 – a1) (b1 – b2) (b2 – b3) (b3 – b1).

Solution.
2

33
2

23
2

13

2
32

2
22

2
12

2
31

2
21

2
11

)ba()ba()ba(
)ba()ba()ba(
)ba()ba()ba(





= 

33
2

3
2

323
2

2
2

313
2

1
2

3

32
2

3
2

222
2

2
2

212
2

1
2

2

31
2

3
2

121
2

2
2

111
2

1
2

1

ba2baba2baba2ba
ba2baba2baba2ba
ba2baba2baba2ba





= 
3

2
3

2
2

2

1
2

1

a21a
a21a
a21a





 × 
321

2
3

2
2

2
1

bbb
bbb
111

= 2 
3

2
3

2
2

2

1
2

1

aa1
aa1
aa1

 × 
3

2
3

2
2

2

1
2

1

bb1
bb1
bb1

= 2(a1 – a2) (a2 – a3) (a3 – a1) (b1 – b2) (b2 – b3) (b3 – b1)

Example : Prove that  
)RCcos()QCcos()PCcos(
)RBcos()QBcos()PBcos(
)RAcos()QAcos()PAcos(





 = 0

Solution.
)RCcos()QCcos()PCcos(
)RBcos()QBcos()PBcos(
)RAcos()QAcos()PAcos(





= 
RsinCsinRcosCcosQsinCsinQcosCcosPsinCsinPcosCcos
RsinBsinRcosBcosQsinBsinQcosBcosPsinBsinPcosBcos
RsinAsinRcosAcosQsinAsinQcosAcosPsinAsinPcosAcos





= 
0CsinCcos
0BsinBcos
0AsinAcos

 × 
000

RsinQsinPsin
RcosQcosPcos

= 0 × 0 = 0.
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Self Practice Problems
1. Find the value of 

222

222

222

cab2ab
abca2c
bcabc2






Ans. (3abc – a3 – b3 – c3)2

2. If A, B, C are real numbers then find the value of  = 
1)CBcos()CAcos(

)BCcos(1)BAcos(
)ACcos()ABcos(1





. Ans.0

9 . Su mm ation  of D et erm inants

Let (r) =

321

321

bbb
aaa

)r(h)r(gf(r)

where a1, a2, a3, b1, b2, b3 are constants indepedent of r, then





n

1r

)r(  = 

321

321

n

1r

n

1r

n

1r

bbb
aaa

)r(h)r(g)r(f 


Here function of r can be the elements of only one row or column. None of the elements other then that
row or column should be dependent on r. If more than one column or row have elements dependent on
r then first expand the determinant and then find the summation.

Example : Evaluate 


n

1r
 

2212n
ycosx
2n1r2

1nn2

2

r
Cr








Solution : 


n

1r
rD  = 

2212n
ycosx

2n)1r2(

1nn2

2

n

1r

r
n

1r
C

n

1r
r











= 
2212n

ycosx
2212n

1nn2

2

1nn2










= 0

Example : Dr = 
012
113
CCC r

2n
1r

2n
2r

2n 







evaluate 


n

2r
rD

Solution : 


n

2r
rD  = 



n

2r
 

012
113
CCC r

2n
1r

2n
2r

2n 







= 
012
113

C....CCC....CCC....CC 2n
2n

3
2n

2
2n

2n
2n

2
2n

1
2n

2n
2n

1
2n

0
2n








 

= 
012
113

n12122 2n2n2n  

C1  C1 – 2 × C2 = 
010
111

n1212222 2n2n1n2n  
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= (–1) 
11

n12222 2n1n2n  

= 2n – 1 – n – 3

Example : If r = 
211r
r3r2

011r






, find 



n

1r
r

Solution. On expansion of determinent, we get

Dr = (r –1) (3 – r) + 7 + r2 + 4r = 8r + 4  



n

1r
r  = 4n (n + 2)

Self Practice Problem

1. Evaluate 


n

1r
rD  

n3n3z)1r(
2n4y)1r(

6x1r

23

2





Ans. 0

1 0 . Integ rat ion of  a determ inant

Let (x) = 
222

111

cba
cba

)x(h)x(g)x(f

where a1, b1, c1, a2, b2, c2 are constants independent of x. Hence

 
b

a

dx)x(  = 
222

111

b

a

b

a

b

a

cba
cba

dx)x(hdx)x(gdx)x(f 

Note : If more than one row or one column are function of x then first expand the determinant and then
integrate it.

Example : If f(x) = 
xcos210

1xcos21
01xcos

, then find 
 2/

0

dx)x(f

Solution. Here f(x) = cos x (4 cos2x – 1) –2 cos x
  = 4 cos3x – 3 cos x = cos 3x

so 
 2/

0

dxx3cos = 
2/

03
x3sin 




 = – 3

1

Example : If  = 
32

222

xxx
346

321 

, then find  
1

0

dx)x(

Solution.  
1

0

dx)x(  = 





1

0

3
1

0

2
1

0

222

dxxdxxdxx

346
321

= 
4
1

3
1

2
1

346
321 222 

 =  
12
1

 
346
346

321 222 

 = 0

1 1 . Di fferen t iat ion of  D et erminant :

Let (x) = 
)x(h)x(h)x(h
)x(g)x(g)x(g
)x(f)x(f)x(f

321

321

321
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then (x) = 
)x(h)x(h)x(h
)x(g)x(g)x(g
)x(f)x(f)x(f

321

321

321 

 + 
)x(h)x(h)x(h
)x(g)x(g)x(g
)x(f)x(f)x(f

321

321

321

  + 
)x(h)x(h)x(h
)x(g)x(g)x(g
)x(f)x(f)x(f

321

321

321



Example : If f(x) = 
2

432

aa1
xx2x6
123

, then find the value of f(a).

Solution. f(x) = 
2

32

aa1
x4x6x12
123

f(x) = 
2

2

aa1
x12x1212
123

 f(a) = 12 
2

2

aa1
aa1
123

 = 0.

Example : Let  be a repeated root of quadratic equation f(x) = 0 and A(x), B(x) and C(x) be polynomial of
degree 3, 4 and 5 respectively, then show that

)(C)(B)(A
)(C)(B)(A
)x(C)x(B)x(A


 divisible by f(x).

Solution. Let g(x) = 
)(C)(B)(A
)(C)(B)(A
)x(C)x(B)x(A




 g(x) = 
)(C)(B)(A
)(C)(B)(A
)x(C)x(B)x(A





Since g() = g() = 0
 g(x) = (x – )2 h(x) i.e.  is the repeated root of g(x) and h(x) is any polynomial

expression of degree 3. Also f(x) = 0 have repeated root . So g(x) is divisible by f(x).
Example : Prove that F depends only on x1, x2 and x3

F = 
231

2
3221

2
2211

2
1

131211

bxbxbxbxbxbx
axaxax

111




and simplify F.

Solution :
1da

dF
 = 

231
2
3221

2
2211

2
1

131211

bxbxbxbxbxbx
axaxax

000




     + 
231

2
3221

2
2211

2
1 bxbxbxbxbxbx

111
111


 + 

000
axaxax

111

131211   = 0

Hence F is independent of a1.

Similarly 
1db

dF  = 
2db

dF
 = 0.

Hence F is independent of b1 and b2 also.
So F is dependent only on x1, x2, x3

Put a1 = 0, b1 = 0, b2 = 0  F = 
2
3

2
2

2
1

321

xxx
xxx
111

= (x1 – x2) (x2 – x3) (x3 – x1).

Example : If  
)x1(nxcos

xsinex


 = A + Bx + Cx2 + ....., then find the value of A and B.

Solution : Put x = 0 in

)x1(nxcos
xsinex


 = A + Bx + Cx2 + .......
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01
01

 = A A = 0.

Differentiating the given determinant w.r.t x, we get

)x1(nxcos
xcosex


 + 

x1
1xsin

xsinex


   = B + 2 C x + ......

Put x = 0, we get

01
11

 + 10
01

 = 0

 B = –1 + 1 = 0
 A = 0, B = 0

Self Practice Problem

1. If 
x11x
11xx2
x1xx





 = ax3 + bx2 + cx + d. Find

(i) d Ans. [– 1]
(ii) a + b + c + d Ans. [– 5]
(iii) b Ans. [– 4]

1 2 . Cramer's Rule:  System  of Linear Equat ions
(i) Two Variables

(a) Consistent Equations: Definite & unique solution. [ intersecting lines ]
(b) Inconsistent Equation: No solution. [ Parallel line ]
(c) Dependent equation: Infinite solutions. [ Identical lines ]
Let  a1x + b1y + c1 = 0   &   a2x + b2y + c2 = 0   then:

2

1

2

1

2

1

c
c

b
b

a
a

  Given equations are inconsistent &

2

1

2

1

2

1

c
c

b
b

a
a

  Given equations are dependent

(ii) Three Variables

Let, a1x + b1y + c1z = d1............ (I)a2x + b2y + c2z = d2............ (II)
a3x + b3y + c3z = d3............ (III)

Then,  x =
D
D

1 , Y =
D
D

2 , Z =
D
D

3 .

Where  D =
333

222

111

cba
cba
cba

; D1 =
333

222

111

cbd
cbd
cbd

;  D2 = 
333

222

111

cda
cda
cda

 & D3 = 
333

222

111

dba
dba
dba

(iii) Consistency of a system of Equations
(a) If D  0 and alteast one of D1, D2, D3  0, then the given system of equations are consistent and

have unique non trivial solution.
(b) If D  0 & D1 = D2 = D3 = 0, then the given system of equations are consistent and have trivial

solution only.
(c) If D = D1 = D2 = D3 = 0, then the given system of equations have either infinite solutions or no

solution.

(Refer Example & Self Practice Problem with*)
(d) If D = 0  but atleast one of D1, D2, D3 is not zero then the equations are inconsistent and have no solution.
(e) If a given system of linear equations have Only Zero Solution for all its variables then the given equations

are said to have TRIVIAL SOLUTION.
(iv) Three equation in two variables :

If  x and y are  not  zero, then condition for a1x + b1y + c1 = 0 ;  a2x + b2y + c2 = 0  &

a3x + b3y + c3 = 0  to  be  consistent  in  x and y is 
333

222

111

cba
cba
cba

 = 0.
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Example: Find the nature of solution for the given system of equations.
x + 2y + 3z = 1
2x + 3y + 4z = 3
3x + 4y + 5z = 0

Solution. Let D = 
543
432
321

apply C1  C1 – C2 , C2  C2 – C3

D = 
511
411
311





 = 0 D = 0

Now,  D1 = 
540
433
321

C3  C3 – C2

D1 = 
140
133
121

R1  R1 – R2 , R2  R2 – R3

D1 = 
140
013
012




 = 5

D = 0 But D1  0 Hence no solution
*Example : Solve the following system of equations

x + y + z = 1
2x + 2y + 2z = 3
3x + 3y + 3z = 4

Solution.  D = 
333
222
111

 = 0

D1 = 0, D2 = 0, D3 = 0
 Let z = t

x + y = 1 – t
2x + 2y = 3 – 2t

Since both the lines are parallel hence no value of x and y Hence there is no solution of the
given equation.

*Example : Solve the following system of equations
x + y + z = 2
2x + 2y + 2z = 4
3x + 3y + 3z = 6

Solution.  D = 
333
222
111

 = 0

D1 = 0, D2 = 0, D3 = 0
All the cofactors of D, D1, D2 and D3 are all zeros, hence the system will have infinite solutions.
Let  z = t1, y = t2  x = 2 – t1 – t2where t1, t2  R.

Example : Consider the following system of equations
x + y + z = 6
x + 2y + 3z = 10
x + 2y + z = 
Find values of  and  if such that sets of equation have
(i) unique solution (ii) infinite solution
(iii) no solution

Solution. x + y + z = 6
x + 2y + 3z = 10
x + 2y + z = 

D = 
21
321
111

Here for  = 3 second and third rows are identical hence D = 0 for  = 3.
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D1 = 
 2
3210
116

D2 = 
1
3101
161

D3 = 
21

1021
611

If  = 3 then D1 = D2 = D3 = 0   for  µ = 10
(i) For unique solution D  0 i.e.   3
(ii) For infinite solutions

D = 0   = 3
D1 = D2 = D3 = 0  µ = 10.

(iii) For no solution
D = 0   = 3
Atleast one of D1, D2 or D3 is non zero  µ  10.

Self Practice Problems
*1. Solve the following system of equations

x + 2y + 3z = 1
2x + 3y + 4z = 2
3x + 4y + 5z = 3
Ans. x = 1 + t y = –2t z = t where t  R

2. Solve the following system of equations
x + 2y + 3z = 0
2x + 3y + 4z = 0
x – y – z = 0 Ans.  x = 0, y = 0, z = 0

3. Solve: (b + c) (y + z)  ax = b  c, (c + a) (z + x)  by = c  a, (a + b) (x + y)  cz = a  b
where  a + b + c  0.

Ans. x =
c b

a b c


 
, y =

a c
a b c


 

, z =
b a

a b c


 
4. Let 2x + 3y + 4 = 0 ; 3x + 5y + 6 = 0, 2x2 + 6xy + 5y2 + 8x + 12y + 1 + t = 0, if the system of equations

in x and y are consistent then find the value of t. Ans. t = 7
1 3 . Ap plic at ion of  Det erminant s:

Following examples of short hand writing large expressions are:
(i) Area of a triangle whose vertices are (x r, yr); r = 1, 2, 3 is:

D =
1
2

 
1yx
1yx
1yx

33

22

11

If D = 0 then the three points are collinear.

(ii) Equation of a straight line passing through (x1, y1) & (x2, y2) is 
1yx
1yx
1yx

22

11  = 0

(iii) The lines: a1x + b1y + c1 = 0........ (1)
a2x + b2y + c2 = 0........ (2)
a3x + b3y + c3 = 0........ (3)

are concurrent if,

333

222

111

cba
cba
cba

 = 0.

Condition for the consistency of three simultaneous linear equations in 2 variables.
(iv) ax² + 2 hxy + by² + 2 gx + 2 fy + c = 0  represents a pair of straight lines if:

abc + 2 fgh  af²  bg²  ch² = 0 = 
cfg
fbh
gha


