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Functions

EA. Definition : Function is a special case of relation, from a non empty set Ato a non empty set B, that
o associates each member of A to a unique member of B. Symbolically, we write f: A > B. We read it as "fis a
o function from Ato B". _ _
(@) Set 'A'is called domain of f and set 'B' is called co-domain of f.
] (Forﬁx?{nglﬁ, letA={-1,0,1}and B={0, 1, 2}. Then Ax B={(-1, 0), (-1, 1), (-1, 2), (0, 0), (0, 1), (0, 2), (1, 0), -
c 1! L L #
> Now, " f : A'— B defined by f(x) = x2 " is the function such that %
U) f= {(_1! 1)! (01 0)1 (11 1)} . ) ) o
> f can also be show diagramatically by following picture. ©
(=)
@©
- =
Every function say f: A — B satisfies the following conditions:
(a) f < AXx B, (b) VaeA=(af(a) ef and (c) (a,b)ef&(a,c)ef=b=c
[MMustration # 1: (|) Which of the foIIowmg correspondences can be called a function ?
A f(x) = x3 ; {-1,0,1} - {0,1, 2, 3}
B) fX)=xx {0, 1, 4} —»{-2,-1,0,1, 2}
© f(x) = Jx ; {0,1,4} »>{-2,-1,0,1, 2}
(D) f(x) = —+/x : {0,1,4} »{-2,-1,0,1,2}
. Solution: f(x)in (C) & (D) are functions as definition of function is satisfied. while in case of (A) the given relationis

not a function, as f(— ?1 ¢ codomain. Hence definition of function is not satisfied.
While in case of (B , the given relation is not a function, as f%l) =+landf(4)=x2i.e.elementlaswellas4in
domain is related with two elements of codomain. Hence definition of function is not satisfied.

(i) Which of the following pictorial diagrams represent the function

w () JEg)

> Solution: B & D. In (A) one element of domain-has no image, while'in (C) one element of domain has two images

in codomain _ _ _ _ _ |
Assignment: 1. Let g(x) be a function defined on [-1 1]. If the ‘area of the equilateral triangle with two of/its

vertices at (0,0) & (X,9(x)) is/3 / 4 sq-units, then the function g(x) may be.

(A) g(X)= +y{@-X?) (B*) 9(x) =y/@=x?) (€Y g(X)—-\/a x2). (D) g(x) = /@+x?)

Represent all p033|ble functlons defined from {a., B} to {1,2}

Answer
2 (|)” (i) “ (iii) “ (iv) ”

Domain, €Co-domain & Range of a Function :

Letf:A— B then the set A is known as the domain of f & the set B is known as co—domain of f. If a member 'a’
of A is associated to the member 'b' of B, then 'b' is called the f-image of 'a' and we write
b =f(a). Further 'a' is called a pre-image of 'b". The set {f(a): V a €A} is called the range of f and is denoted
by f(A). Clearly f(A)  B.

Sometimes if only definition of f (x) is given (domain and codomain are not mentioned), then domain is set of
those values of ' x' for which f (x) Is defined, while codomain is considered to be (— «, o)

A function whose domain and range both are sets of real numbersis called a real function. Conventionally the
word "FUNCTION?” is used only as the meaning of real function.

WWW. TekoCIasses com & www.MathsB

N

9]

lMustration #2: Find the domain of following functions :
(i) fx)= Jx2 _5 (ii) sin! (2x — 1)
Solution:(i) f(x)= /x2_5 isreal iffx2-5>0 = x| > |5 = x<-5 orx> .5
the domain of f is (~0, —\/5 ] U [\/_,oo)
(i) -1<2x-1<+1 o domain is x < [0, 1]

Algebraic Operations on Functions : ) ) ) _
If f & g are real valued functions of x with domain set A and B respectively, then both f & g are defined in A n B.
Now we define f+ g, f—g, (f g) & (f/g) as follows:

() (F£9)(x)=1f(x)£9(x)
(i) (f.g) (x)=1(x). g(x)
(i) ( J x) = (())(()) domain is {x | x e A~ B such that g(x) = 0}.

Note : & For domain of ¢(x) = if(x)}g(x) , conventionally, the conditions are f(x) > 0 and g(x) must be defined.
& For domain of ¢(x) = ™C,,, or ¢(x) = 0P, conditions of domain are f(x) > g(x) and f(x) € Nand g(x)
w
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So

(ii)

.°°J>’=‘
n=

~
~

) Illustration # 4: Find the range of f(x) =

So

So

(iii)

2
) lllustration #5: Find the range of f(x) = Xx 24
X2
lution f(x) = =X+ 2;X#2
graph of f(x) would be <
< l, >

Thus the range of f(x)is R —{4}
Using Monotonocity/Maxima-Minima
gag Continuous function: If y = f(x) is continuous in its domain then range of f(x) isy € [min fﬁx) max. f(x)
b Sectionally continuous function: In case of sectionally continuous functions, range will be union o
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3 1
i f(x) = sinx — 16 —x2 i f(x) = log(x3—x i f(x) = x°° %
(i) (x) (ii) (x) Ja 2 9(x*-x) (iii) (x)
lution: () Jsinx is real iff sin x > 0 & xe[2nmw, 2nw + 7], nel.
J16—x2isreal iff 16 -x?>0< -4 <x <4,
Thus the domain of the given function is {x : xe[2n~, 2nx + 7], nel }n[-4, 4] = [-4, —x] v [0, «].
Domain of J4_y2 is[-2,2]but \/4_y2 =0forx= % 2 = X e (-2, 2)
log(x®—x) is defined for x®* —x >0 i.e. x(x = 1)(x + 1) > 0.

: domain of log(x®- x) |s§ 1,0)u (1, x).
Hence the domain of the e given functionis{(-1,0) u (1, ©)}n (-2, 2) =

(-1,0)u (1, 2).
x>0and-1<x<1 . domain is (0, 1]
ssignment :
Find the domain of following functions.
: 1 ) B L 2x-1
M 0= oz * Vx+1 (i) f00=1-x —sin 3

Ans. (i) 1, 1) u(,2 (i) [-1, 1]
Methods of determlnlng range :
Representing x in terms of y

Detinition of the function is usually represented as y (i.e. f(x) which is dependent variable) in terms of an expression
of x (which is independent variable). To find range rewrite given definition so as to represent x in terms of an

expression of y and thus obtain range (possible values of y). )
Ify=fx) < X = g(y), then domain of g(y) represents possible values of y, i.e. range of f(x).
X2 +x+1
x2+x-1
2
1
lution f(x) = X2+—X+1 {x2+ x + 1 and x? + x — L.have no common factor}
X© Hxe=
X2 +x+1 ) )
y:z— = YXeFyx —y=x2+x+1
X
= 1)x2+(y I)x-y-1=0
Ify=1, t en the above equatlon reduces to -2 = 0. Which is not true.
Further'if y =1, then (y — 1) x? + (y="1) x=y —1 =0 is a quadratic and has real roots if
(y=1)2-4 &y —1)(—y 1/) 0 i.e. ify<-3/50ry=2Xbuty#1
Thus the range is (-, —3/5] W (1, «) _ K
Graphical Method': Values covered ony-axis by the graph of function isrange

[min f(x), max. f(x)] over all those intervals where f(x) is continuous, as shown by following example.

Let graph of functiony = f(x) is

Then range of above sectionally continuous function is [y,, ;] U (Y, Y5l Y (Ye, Y7l

Note : < In case of monotonic functions minimum and maximum values lie at end pomts of interval.
lustration # 6 Find the range of following functions :

0) =/n (2x — x?) (|S y = sec! (x2+ 3x + 1)
Solution : (|) Step -1

Using maxima-minima, we have 2Xx —x2 e ?—oo 1]

Step -2 For Iog to be defined accepted values are 2x —x2 € (0, 1] {i.e. domain (0O, 1]}

Now using monotonocity n (2x — x2) e (=, 0]

range is (— «, 0] Ans.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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(i) y =sec! (x2+ 3x + 1) Let t=x243x+1forx eR
5 5
then te |~ ] buty=sec? () = te _Z’_l U [1, )
y
Akn
sec”'(=5/4)
_-___’,,f’/ /2
Y -1 5
from graph rangeisy e 015 U [SEC T T
« >t
514 1 O 1
\ 4
Assignment:
4, Find domain and range of following functions.
0 o (i x2 —2x+5
| = =
y Y= 2 iox+s
3-45 3+45
Answer () domain R; range R (i) domain R ; range T T o
1 .
(iii) y = 5 Answer domain R -0, 1] ; range (0, «)
X =X
Y
(iv) y = cot™® (2x — x?) Answer domain R ; range {Z “j
3 —2- -2 i I
V) y = /nsint (XZ +X+zj Answer domain'x e { 4£, Z\E} ; range {an, ZHE}

Classification of Functions
Functions can be classified as :
@) One —-One Function (Injective Mapping) and Many — One Function:
One-0One Function :
Afunction f: A — B is said to be a one-ane function or injective mapping if different elements of A have
different f images in B
Thus for x,, X, € A &f(x,), f(X,) € B, f(x,) = f(X,) & X; = X, or X; # X5 f(x;) 2 f(X,).
Diagrammatically an injective mapping can be shown as
A B A B

o

\
/

Many—0Onefunction : o
Afunction f : A — Bris said to be a many one function if two or more elements of A have the same f
image-inB.
Thus f © A —> B is many one iff there exists atleast two elements x;, x, € A, such that
f(x,) = f(xz) but x, # X,

D|agrammat|cally a many one mapping can be shown as

A B A

7 Y > 7

YYY
|

X,

X, OR

=z
o
—
@

L E If a function is one-one, it cannot be many—one and vice versa.
Methods of determining whether function is ONE-ONE or MANY-ONE :
(@) If X, X, eA&f(xg) f(x, ) e B, f(XIJf) =1f(X,) © X, =X, 0r X, # X, < f(x, );tf(x ), then function is ONE-ONE
othérwise MANY-ONE? there’exists a stralgh% liné parallel to x- aX|s which cuts the graph of
the function atleast at two pomts then the function is MANY-ONE, otherwise ONE-ONE. (c? If either f'(x)
>0, V x € complete domain or f'(x) <0 V x € complete domain, where equality can hold at discrete
point(s) only, then function is ONE-ONE, otherwise MANY-ONE.
(i) Onto function (Surjective maﬂping) and Into function : Onto function : ) _
If the function f : A — B is such that each element in B (co—domain) must have atleast one pre—image in
A, then we say that f is a function of A 'onto’' B. Thus f: A — B is surjective iff V b € B, there exists some
a € Asuchthatf (a) =b.
Diagrammatically surjective mapping can be shown as
A B
3\
)

/
|
\
Method of determining whether function is ONTO or |

/
Find the range of given function. If range = co—domain, then f(x) is onto, otherwise into
Into function : _ ) _ _ o )
If f: A — B is such that there exists atleast one element in co-domain which is not the image of any
element in domain, then f(x) is into.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Diagrammatically into function can be shown as

~ve ; 0<x<1

o= +ve; 1<x<3
f(x) is not monotonic. Hence-itis-not injective.
For f(x)Xz ezs%r]Jectlve A should be equal to'its range. By graph range is [2, 6]

A B A B
= G AR
> R
3 /A °
U’Note & If a function is onto, it cannot be into and vice versa.
f__ﬁ Thus a function can be one of these four types:
> N . >
N @ one—one onto (injective & surjective) C} z (:)
>
m _ o - ) > —°
N (b) one-one into (injective but not surjective) ] > \
_E
g (© many-—one onto (surjective but not injective) 7 ; \
(d) many-one into (neither surjective nor injective) @\i\@

Note : < If f is both injective & surjective, then itis called a bijective mapping. The bijective functions are also
o3 named as invertible, non singular or biuniform functions.
c & If a set A contains 'n' distinct elements then the number of different functions defined from

A — Ais n" and out of which n! are one one.
O lllustration #7 () Find whether f(x) = x + cos x is one-one.
QSqutlon The domain of f(x)isR. f(x)=1-sinx. )
n o F'( (;() >0V >|< € complete dorlga:_rlw and E(ql;allty holds at discrete points only
X) Is strictly increasing on ence f(x) is pne-one.

8 (i) Identify whether the function f(x) =—x +3x —2x+4; R —> Ris ONTO or INTO
o Solution As codomain = range, therefore given function is ONTO
(v] (i) f(x) = x2—2x + 3, [0,.3] = A. Find whether f(x) isinjective or not. Also find the set A, if f(x) is surjective.
L—)Slunon f(x)—2(x—1)0<x<3 f(x)
g '.“61\
> .
=

ois

Assignment:
: 5. For each of the following functions find whether itis one-one or many-one and also-into or onto
0] f(x) = 2 tan x; (n/2,3n/2) >R
Answer one-one onto
. 1
(i) f(x) = 12 ; (—0,0) —>-R
Answer one-one into
(iii) f(x) = x2+#4n'x
Answer one-one onto
D. Various Types of Functions :
(i) Polynomial Function : If a function f isdefined by f (x) = ajx"+ a; x"1+ a,x"2+... + a,_, x + a, where
nisanon negative integer and a;, a,, a,,......... , a, are real numbers and a,# 0, thén f is Called a

polynomial function of degree n.

There are two polynomial functions, satisfying the relation; f(x).f(1/x) = f(x) + f(1/x), which are
f(x)=1+x"

(i) Algebraic Function :y |s an algebraic function of x, if it is a function that satisfies an algebraic equation
of the form, P, (X) y" + P (x) yn-l+ +P_ (X)y+P, (x) = 0 where n is a positive integer and P (x), P,

z
=4
@

q

(x) ....... are po(iynomlals inx.eqg.y= x| is an algebralc function, since it satisfies the equation y? — X2= 0.
Note All polynomial functions are algebraic but not the converse.
& A function that is not algebraic is called Transcendental Function.

X
(iii) Fractional / Rational Function : Arational function is a function of the form, y = f (x) :% , where g (x)
& h (x) are polynomials and h (x) # O.
(iv) Exponential Function :

A function f(x) = a*=ex"a (a > 0, a # 1, x € R) is called an exponential function. Graph of exponential
function can be as follows :

FREE Download Study Package from website:

Case-1 Case-1I
Fora>1 ForO<ax<1
jd '
(0, 1)
_/(0, 1)
< » X < > X
0 < 0 i
' v
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v) Logarithmic Function : f(x) = log,x is called logarithmic function where a>0anda = 1and x > 0. Its
graph can be as follows

Case-1 Case-1I
Fora>1 Forf(0)<a< 1
X

70)
A
ol 70 X 0(1,0)\”

A\
(vi) Absolute Value Function / Modulus Function :

A

A

A

L . _ x if x>0
The symbol of modulus functionis f (x) = |x| and is defined as.y= |x|=

-x if x<0°

. . : Y= . .
(vi) Signum Function : A functio *‘(x):sgn(x) is defmedYas follows :
A
) y=1ifx>0
1 for x>0 < 5 » X
f(x) =sgn (x) =40 for x=0 |
-1 for x<O y=-1ifx>0
) 4
y.=sgn x
: . m; x#0
It is also written as sgn X =/ §..x
0; x=0

R F(x) = 0
Note : sgnf(x) =1 f(x)
0; f(x)=0

(vii) Greatest Integer Function or Step Up Function :
The function.y =1 (x) = [X] is called the greatest integer function where [x] equals to the greatest integer
less than or equal to x. For example :
for —-1<x<0; [x]=-1; for 0<x<1 ; [x]=0
for 1<x<2; [x]=1 ; for2<x<3 ; [x]=2 and so on.
Alternate Definition :
The greatest integer occur on real number line while moving L.H.S. of x (starting from x) is [X]

y A
3
2 —o
1 e—o
< -3 2 - 1 2 3 x:
—o0 —1
—o -2
-3
v

Properties of greatesyt imeger function :
(@) Xx—1<[x]<x (b) [x£m] = [x] £ m iff m is an integer.
0; if xisaninteger
© D+ <x+I<KI+N+1 @ K+EXE ] 5 Gnerwise
(viii)  Fractional Part Function: It is defined as, y = {x} = x — [X].

e.g. the fractional part of the number 2.1is 2.1 - 2 = 0.1 and the fractional part of —3.7 is 0.3. The period
of this function is 1 and graph of this function is as shown.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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y graph of y = {x}

2 4 o 1 2 3

(ix) Identity function : The function f : A > A defined by, f(x? =Xx V x € Ais called the identity function
on A and is denoted by I,. It is easy to observe that identity function is a bijection.
(x) Constant function : A finction f : A — B is said to be a constant function, if every element of Ahas the I
same f image in B. Thusf:A—> B; f(x) =c, V x € A, c € B is a constant function. )
IIIustrati?n}#B(i) . Let {x} & [x] denote the fractional and mtegral part of a real number x respectively. Solve
4{x} = x + [x
Solution As x = [x] + {x}
: : 2[x]
Given equation = UA}=xX]+{x}+[x] = {x} = 3
As [x] is always ar}1 integer and {x} 50 1), possible values are
X =[x
0
. 2 5
3 3

5
There are two solution of given equation x =0 and x = 3
(i) Draw graph of f(x) = sgn (/n x)
Y

1 o—
< . > X
Solution ! 1
-1

- Assignment: 6. If f : R —> R satisfying the conditions f(0) = 1, f(1) = 2 and f(x +2) = 2f (x) + f(x + 1), then find f (6).

Answer 64
7. Draw'the graph of following functions where [9 denotes greatest integer function

() y=[2x]+1 (ii) pe o« ML <x <73 (i) y = sgn (x2 - x)

A
27 °
Y

Answer () = o1 5, 4 1 (i) , (i) O S
——o -1 1 / —%-1

-2 of 1 2 3

A
\ 4
x

\4

Odd & Even Functions : (i) If f (-x) = f (x) for all x in the domain of ‘' then f is said to be an even
function. If f (x) - f(—x) =0 = f (x) iseven. e. ? ff (X) =cosx; g (x)=x2+ 3.

(i) If f (—x) = —f (x) for all x in the domain of ‘' then fis said to be an odd function.
Iff(x)+f(—x)=0 = f(x)isodd. e.g. f (x) =sinx; g (x) = x3+ x.
& A function may neither be odd nor even. (e.g. f(x) = €%, cos™1x)

& If an odd function is defined at x = 0, then f(0) =

roperties of Even/Odd Function

@ Every even function is symmetric about the y—axis & every odd function is sg/m metric about the origin.
For example graph of y = x2 is symmetric about y-axis, while graph of y = x3 is symmetric about origin

\4

Iz

y = X2 y = X3
(b) All functions (whose domain is symmetrical about origin) can be expressed as the sum of an even & an
odd function, as follows

f(x) + f(—x) N f(x)—f(-x)

f(x) = | |2 | 2| ]

Even Odd
(c) The only function which is defined on the entire number line and is even & odd at the same time is f(x) =0

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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(d) If f and g both are even or both are odd then the function f.g will be even but if any one of them is odd then
f.g will be odd. (e) If f(x) is even then f'(x) is odd but converse need not be true.
llustration # 9: Show that log (X+ VX2 +1) is an odd function.

Solution Let f(x) = log (X+\/x2—+1). Then f(—x) = log (—><+\/(—><)2 +1)
(\/xz—ﬂ—x)(\/xz—ﬂ+x) 1

2 —

=lo =log T, . -lo (X+VX +1):—fx d

g o iox 9 2 114 x g (x) =

Hence f(x) is an odd function. _ _ ©

[llustration # 10 Show that aX+a~*is an even function. %

Solution Let f(x) = ax+ a™> Then f(=x) = a> + a~(® = a* +a* = f(x). <

Hence f(x) is an even function o
lllustration # 11 Show that cos™ x is neither odd nor even. o _

Solution Let f(x) = cos™*x. Then f(—x) = cos™ (-x) = = — cos™* x which is neither equal to f(x) nor equal to f(—x). o

~ Hence cos™! x is neither odd noreven _ 0

: Assignment: 8. Determine whether following functions are even or odd? %

_ e¥+e™ e}

(i) X x Answer Odd o

e’ -e g

©

iy  log (\/ x* +1- XJ Answer Odd &

(@)

(iii) x log (X+VX2 +1) Answer Even g’

N~

(iv) sin~l 2x 4/1-x? Answer Odd N~

Even extension / Odd extension : 8

Let the defincition of the function f(x) is given only for x > 0.-Even extension of this function implies to define the &
function for x < 0 assuming it to be even. In order to get'even extension replace x by —x in the given defincition e
Similarly, odd extension implies to define the function for x < 0 assuming it to be odd.-In“order-to_get odd

extension, multiply the definition of even extension by —1
llustration # 12 What is even and odd extension of lex) =x3-6x2+5x=11 ; x>0
Solution Evenextension

f(x) = —x3= 6x2 + 5x — 11 X <0

Odd extension

f(x)= x3 + 6x2 + 5x + 11 “x <0

Periodic Function :/ Afunction f(x) is called periodic with a period T if there existsa real number T >
0 suchthat for each x in the domain of-f-the numbers x — T and x + T are also'in the domain of fand f(x2 =f(x +
T) forall x in'the domain of 'f'. Domain of a periodic function is always unbounded..Graph of a periodic function
with period T is repeated after every interval of 'T",

e.g.-The function sin x & cos x both are periodic’'over 27 & tan x is periodic over . :

The least positive period is called the principal or fundamental period of f or simply the period of f.
Note : < f(T)=1(0)=f(-T), where ‘T’ is the period.

& Inverse of a periodic function does not exist. < Every constant function is always periodic, with no
fundamental period.

Properties of Periodic Function

: 1 .
(@) If f(x) has a period T, then ) and ,/f(x) also have a periodT.

T
(b) If f(x) has a period T then f (ax + b) has a period m.
f(x
(© If f (x) has a period T, & g (x) also has a period T, then period of f(x) + g(x) or f(x) . g(x) or ﬁ isL.C.M.
of T, & T, provided their L.C.M. exists. However that L.C.M. (if exists) need not to be fundamental period.
f
If L.C.M. does not exists f(x) £ g(x) or f(x) . g(x) or % is aperiodic.

e.g. [sinx| has the period =, | cosx | also has the period =

|sinx| + |cosx| also has a period =. But the fundamental period of |sinx| + [cosX] is g
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llustration # 13 Find period of following functions
X X
() f(x) = sin Py + cos 3 (i) f(x) = {x} + sin x
) . 3x X 2X
(iii) f(x) = cos x . cos 3x (iv) f(x) = sin > - cos 5 — tan?
. . . X, . . X, . . X X .
Solution @) Period of sin Py is 4n while period of cos EIS 67 . Hence period of sin Py + cos 3 isl2n

{L.C.M. of 4 & 6is 12}

(ii) Period of sinx=2p
Periodof {x}=1 but L.C.M. of 2n & 1 is not possible
: it is aperiodic

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.



Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com
(iii) f(x) = cos x . cos 3x

2n
period of f(x) is L.C.M. of (2“1 ?j =2n

2
but 2= may or may not be fundamental periodic, but fundamental period = —n, where n € N. Hence cross-

checking forn=1, 2, 3, ....we find = to be fundamental period f(r + X) = (— cos x) (— cos 3x) = f(x)
2n  2m T

(iv) Period of f(x) is L.C.M. of = 3/2° 1/3° 3/2
= L.C.M. of an 6 2n =12
=L.C.M.o 3 T, 3 = T
NOTE : L C.M. of a p K L.C.M.(a, p, ¢~
b’ g m) HCE=o-qm)
Assignment: 9. Find the period of following function.
0] f(x) =sin x + | sin x | Answer 2n
N X
(ii) f(x) = /3 cos x —sin 3 Answer 6n
. 2X 3X
(iii) sin 5 - cos - Answer 70mn
f(x) = sin?x + cos?*x Answer T

(v)
G. Composite Function :
Let f: X—Y, and g: Y,— Z be two functions and the set D = {xe X: f(x)€ Y_}. If D # ¢, then the function h defined on
D by h(x) = g{f(x)} is called composite function of g and f and is denoted by gof Itis also called function of a function.
Note: < Domain of gof is D which is a subset of X (the domain of f ). Range of gof is a subset of the range of g. If D=
X, then f(x) CY,,.
Propertles of Comp03|te Functions :

a In general'gof # fog $| .6, not commutative)
b The composite of functions are associative | e. if three functions f, g, h are such that
fo (goh) &(fog) oh are defined, then fo (goh) = (fOP
c If f and'g both are one-one, then gof and fog would also be one-one.
d If f and g both-are onto, then gof or fog may or may not be onto.
e The composite of two bijections is a bijection iff f & g are two bijections such that gof is defined, then gof
is also a bijection only when co-domain of f is equal to the domain of g.
) If g is a function such that gof is defined on the domain.of f and f is periodic with T, then gof is also
periodic with T as one'of its periods. Further if
# g is one-one, then T is the-period of gof
# gis a(ljso]c pe][iodlc with T’ as the period and the range of f is a sub-set of [0, T' ], then T isthe
period of go
llustration # 14 Describe fog and gof wherever is'passible for the following functions
(i) f(x) = Wx+3, 9(x) =1 +x? (ii) fi(x) = Jx , 9(x) = x>~
Solution (i) Domain of f is [=3, =), range of f is [0, ).

Domain of gis R, range of g is[1, ).
Since range offis a subset of domain‘ofg; _
domain of gof .is [=3, ) {equal to the domain of f }

gof (x) = g{f(X)}=9g (/x+3) =1+ (x+3) = x + 4. Range of gof is[1, ).
Further since ran?e of g is a subset of domain of f,
domain of fogIsR {equal to the domain of g}

fog (x) = f{g(x)}= f(1+ x?) = /42 ;. 4 Range of fog is [2, ).
(ii) f(x) = Jx,9(x) = x*—

Domain of f is [0, «), range of f is [0, «).
Domain of g is R, range of g is [-1, «).
Smce range of fi is a subset of the domain of
domain of gof is [0, «) and g{f(x)}= g?\]x) =X — 1. Range of gofis[-1, «)
Further since range of g Is not a subset of the domain of f
|e [-1, ©) ¢ [0, )
fog is not defined on whole of the domain of g.
Domain 0 fog is {xeR, the domain of g : g(x) € [0, ), the domain of f}.
Thus the domain of fog is D = {xeR: 0 £ g(x) < o}
i,e.D={xeR:0<x?-1}={xeR:x<-1orx>1}= (-, -1] U [1, )

fog (x) = f{g(x)} = f(x>~1) = /2 _1 Itsrange is [0, ).
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T
O (i) Let f(x) = e*; R* - Rand g(x) = sin™ x; [-1, 1] — {—5 3} . Find domain and range of fog (x)
LU solution
Lu mT T
E Domain of f(x) : (0, ) Range of g(x) : {—E, E}

Y
values in range of g(x) which are accepted by f(x) are (O, E}

= O<g(x)sg O<sin-1xsg 0<x<1
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Hence domain of fog(x) i |s x € (0, 1]

0<x<4

01 —— O
N N (e en/Z]
Domain — " Range
Sin X . e
Therefore Domain: 0, 1]
Range : 1, e™?
Example of composite function of non- umformly defined functions:
llustration # 15 f(x) =|Ix=-3|-
(% =4-]2-x —1<x<3
then find fog(x) and draw rough sketch of fog(x).
Solution fxX)=]|x=3|-2] 0<x<4

|x-1] 0<x<3
| x-5] 3<x<4
1-x 0<x<l1
x-1 1<x<3
5-x 3<x<4
g(x) =4-12-x| -1<x<3
4-(2-x) -1<x<?2
- {4 (x-2) 2<x<3
2+x -1<x<2
{ -X 2<x<3
1-g(x) 0<g(x)<1
gx)-1 1<g(x)<3
5-g(x)*8<g(x)<4

fog (x) =

1-(24x) 0<2+x<1 and -1<x<2
2+x-1 1<2+%x<3 and -1<x<2
5-(2+x) 3<2+x<4 and -1<x<2
1-6+Xx | 0<6-x<1 and 2<x<3
6-x-1 1<6-x<3 and--2<x<3
5-6+x 383<6-x<4 and 2<x<3

-1-x -2<x<1 tand -1<x<2
1+X —1<x<2l andw=1<Xx<X
3-X 1<x<2 and -1<x<2
- X-5 -6<-x<-5 and 2<x<3
5-Xx -5<-x<-3 and 2<x<3
Xx-1 -3<-x<-2 and 2<x<3

-1-x -2<x<-1 and -1<x<2
1+x -1<x<1 and -1<x<2
3-X 1<x<?2 and -1<x<2

y Package from website: www.TekoClasses.com & www.MathsBySuhag.com

A

U —

= = x-5 B5<x<6 and 2<x<3

n 5-x 3<x<5 and 2<x<3

©

g 1Xx1 —12<xX<§L3 and 2<x<3

- = 3-x 1<x<2

= x-1 2<x<3

SAlternatemethodforfindingfog

L] 2+X —-1<x<?2

I 9 =16-x 2<x<3

x 9(x)

o 4
s 3

2

graph of g(x) is S 4| -

A
[N
N
-
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1-g(x) 0<g(x)<1
gx)-1 1<g(x)<3

fog(x) =
= 5-9g(x) 3<g(x)<4
8 1-g(x) for no value 2+4x-1 -1<x<1 x+1 -1<x<1
o gx)-1 -1<x<1 5-(2+x) 1<x<2 ~ 13-x 1<x<2
@© 5-g(x) 1<x<3 5-(6-x) 2<x<3 x-1 2<x<3 g
g Assignment: 10. Define fog(x) and gof(x). Also their Domain & Range. 4
(i) f(x) = [x], 9(x) = sin x (i) f(x) = tan x, x € (-n/2, ©/2); 9(X) = /1 x>2 =
Answer () gof = sin [x] )
domain: R range {sina:a eI} (o))
fog = [ sin x] domain: R range : {-1, 0, 1} g
Answer (i) gof = {1—-tan? x
] T T
domain : a2 range : [0, 1]

|
=

T

z
o
—
@

L E The inverse.of a bijection is unique. &

fog = tan /1 _«2 domain : [-1, 1] range [0, tan 1]
Let f(x) = e*: R* > Rand g(x) = x> —x : R > R. Find domain and range of fog (x) & gof (x)
Answer fog (x) gof f(x)

Domain : (—o, 0) U (1, «©) Domain : (0, «)

1
Range :[1, ) Range: {_Z’ wj

Inverse of a Function : Letf: A — B be afunction. Then f isinvertible iff there is a function g : B

— A such that go fis an identity function on A and fog is an identity function on B. Then g is called inverse of

fand is denoted by .

For a function to be invertible it must be bijective

Inverse of an even function is not defined-

Properties of Inverse Function :

@ The graphs of f & g are the mirror images of each other in the line-y'="x. For example f(x) = a* and g(x)
:hlogaxbage inverse of each other, and their graphs are mirror images of each other.ontheliney=xas --
shown below.

K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.
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2 . —1 1

21— 2x2 —_ if — <Xx<—

f(x) = ,/—X = VX 2o
= ‘1—2x2‘ 1-x2 =) 2 -1 1
if X<—o0r x>—

j— x2 \/E \/E

-1 1
f(x) isincreasing in (E 2 and is decreasing in each of the intervals

3 e [0

N A A
7
.2 o
2"
Nl e RN NV
< - T0) > <
o o P
N W~ N g(x) = log.x
A 4

(b) Normally points of intersection of fand ™ lie on the straight line y = x. However it must be noted that f(x) .-
and f. (x) may.intersect otherwise also. _ ) o ) D:
(© In general fog(x) and gof(x) are not equal but if they are equal then in majority of cases either f and g are (n
inverse of each other or atleast one of f and g is an identity function. =~
(d) If f]c 8; g]c are tlwo bijections f : A > B, g : B » C then the inverse of gof exists and ‘;{
(gof)*=f+og™. . 5
(e) If f(x) and g are inverse function of each other then f'(g(x)) = m r
_ _ _ X+3 . _ - =
[llustration # 16 () Determine whether f(x) = 4 ; R > R, isinvertible or not? If so find it. c
-}
. . . o _ 2x+3 n
Solution: As given function is one-one and onto, therefore itisinvertible.y = 2 "
4y -3 4x -3 :__4—5'

= = —
2 2 =
(ii) Is the function f(x) = sin (ZXV 1- ij invertible? §
Solution: Domain of f is [-1, 1] and f is continuous @
O
o
¥4
[}
}_
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(iii)

f(x) is not one-one, so is not invertible.
%(e ‘) .(xf)l(: )x 2 4+ 2x; x > =1. Draw graph of f*(x) also find the number of solutions of the equation,
X) = f1(x

<

E A
@)
Q
(@)
©
e
>
2
N Solution
n
=
m .
= e o _
: f(x) = f1(x) is equilavent to solving y = f(x) and y = X
= X2+ 2X = X = xx+1)=0 = x=0,-1
Hence two solution for f(x) = f(x) o
(iv) Ify =f(x) =x2-3x + 1, x > 2. Find the value of g’'(1) where g is inverse of f
oJ solution y=1 = x2-3x+1=1 = Xx-3)=0 = x=0,3
c But X2>2 x=3
S Now  g(f(x)) = x
O Differentiating both sides w.r.t. x
] 1
O = g(fx). f) =1 = gl = 15y
)]
% '1‘3—i '1——L Asf'(x) =2x -3 .
fu = glE)= 15 > gW==53 (AsT'(x) = 2x - 3) =3
% Alternate Mezthod
y=x?-3x+1
—54) X2—3x+1 -y =0
= e 3+.,/9-4(1-vy)
2
% ~ 3+,/5+4y
2
-q)- X2>2
= 3+.5+4y
n X= ——YX =
Ie) 2
Q 3+./5+4y
= 90) = ————
£ L 111
= g(X)—0+X/—5+4)Slx 9= =7 Jo "3
@ Assignment: 12, Determine f (x), if given function is inyertible
@) 0) f:(-o,-1)—> (-, —2) defined f(x) =—(x + 1) -2
_546 . n In _ ) T
O (i) f: 56| [-1, 1] defined by f(x) = sin X+§
©
2 -
D>" Answer -1+ yJ=x-2 (i) ?Tc —sin"'x
Sl Equal or Identical Function :
et Two functions f & g are said to be identical (or equal) iff :
0] 0] The domain of f = the domain of g. (i) The range of f = the range of g and
© 1 X
(0] (iii) f(x) = g(x), for every x belonging to their common domain. e.g. f(x) =% & g(x) :X—2 are identical functions.
@)
- x? . . .
= But f(x) = x and g(x) = — are not identical functions.
8 llustration # 17 Examine whether following pair of functions are identical or not
2
1N () f(x) = X7 & g(x) =x Answer No, as domain of f(x) is R — {0} while domain of g(x) is R
% (i) f(x) = sinx + cos?x & g(x) = sec?x — tan?x
T
LL Answer No, as domain are not same. Domain of f(x) is R while that of g(x) is R — {(2n+1)5; ne |}
Assignment: 13. Examine whether following pair of functions are identical or not

(i)

_ B X Xx=0
f(x) =sgn (x) & g(x) = 1| x|
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(i) f(x) = sin"1x + cos1x & g(x) = g Answer 0) Yes (i) No
c J. General : ifx,yare independent variables, then:
0] fxy)=f(xX)+f(y)=>fX)=klInxorf(x)=0. (i fixy)=f(X).f(y)=f(xX)=x,neR
8 i oy = (X).fy) = f(X) = ax (iv) §2x+y):f(x)+f(y):>f2x):kx,wherekisaconstant.
. 1 1
% V) f(x) . f (;j =f(x) +f [;) = f(x) =1 xx"wheren e N
S 1 1
) [llustration # 18 If f(x) is a polynomial function satisfying f(x) . f X)) = f(x) +f X v x € R-—{0}and
> f(2) =9, then find f (3)
0 Solution f(x)=1£xn Asf(2)=9 f(x) = 1 + x3
%2) Hence f(3) =1+ 33=28
-E‘ 1 1
g Assignment: 14, If f(x) is a polynomial function satisfying f(x) . f [;) =f(x) +f [;) Vv x e R—{0} and f(3) =-8,

FREE Download Study Package from website: www.TekoClasses.com & www.

15.

then find f(4) Answer -15

f(x)

1+ 1Ez(x_) is an even function

If f(x +y) = f(x) . f(y) for all real x, y and f(0) = O then prove that the function, g(x) =

For 39 Years Que. from IIT-JEE(Advanced) &
15 Years Que. from AIEEE (JEE Main)
we distributed a book in class room
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