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Definite Integrals

PARTA :
A Let f(x) be a continuous function defined on [a, b],

0on

b
If(X) dx = F(x) +c. Then jf(x) dx = F(b)—F(a) is called definite integral. This formula is known as Newton
a

Leibnitz formula.

Note :

Indefinite & Definite Itegrat

b
1. The indefinite integral Jf(x)dx is a function of x, where as definite integral jf(x)dx is anumber.
a

N

b b
Given If(X) dx we can find jf(x)dx , but given jf(x)dx we cannot find Jf(X) dx
a a

2 dx
lllustration. 1 Evaluate I x+1)(X+2)
X
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1
(x+1)(x+2)

72
=]

(by partial fractions)

q |

X+1 x+2
° dx ,
»!(x+1)(x+2) = Jloge (x#1)=log, (x4 2)]}

9
=log,® —log,* - log,? +log,® = Ioge[Sj

Self Practice Problems
Evaluate the following
5x2

2 +4x+3 X Ans. 5-

-
ae—_ N

5 3
[9Ioge4 —log,2 ]

N o

4 T

1024 © 2

(23e02 x+x3 +2) dx Ans. +2

N
[ W]

X ane. o) [1]
1+secx X ns. 18 "33 7 9. J3
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w
Oty |a

PARTB:
Properties of definite integral

b b
P_1 J'f(x) dx = jf(t)dt

ie. definite integral is independent of variable of integration.

b
P2 J.f(x) dx = —

a

f(x) dx

T —
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b c

b
P-3 J.f(X) dx = J.f(X)dx o J-f(X) dx, where ¢ may lie inside or outside the interval [a, b].

a a Cc

X+3 = x<38

lllustration2  If f(x) = {3x2+1 S >3

5
then find jf(x) dx
2

5 3 5
sol.  [f(x)dx= [fo0ax+ [0 ax
2 2 3

3 5
I(x+3) dx + j(3x2 +1) dx
2 3

9-4 211
5 +3B8-2)+5°-3%+5-3 = —

8
lllustration3  Evaluate II x=5] dx
2

5 8

8
Sol.  [Ix-5]dx = J(-x+5) dx+ [(x+5) dx =9
2 2 5

£

)

(5]

n

3]

72]

72

=

[P

S

=<

2

2

2

=

§

o 2 5 2

wn

< lllustration4  Show that J.(2X+1) dx = J(2X+1) + I(2X+1)
= 0 0 5

£Sol. LHS.=x+x]?, =4+2=6

= RHS.=254+5-04(4+2) —(25+5)=6

) L.H.S. R.H.S

g

_5 Self Practice Problems

;‘3 Evaluate the following

> 2

= 2

2 1. [®+2x-3] ox Ans.
n 0

=

3 3

g 2. J[X] dx, where [x] is integral part of x. Ans.
=} 0

Q 9

=

§ 3. I vi] dt Ans.
=

0
PARTC:

P-4 [f(ax = [(10)+f(-x) dx
‘a 0

=2 jf(X) dx if f(x) =f(x) i.e.f(x)iseven
0
=0 if f(—x) =—f (x) i.e.f(x)is odd

13
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. FeXie
lllustration5 Evaluate I ~ dx
% 1+e
b o e J‘ e +e* e*+e’
Sol. [ — || e e ) &
1
e +e (e_x+ex) 1 X —X ( _1_1)
-([[He o +1 dx=j(e+e)dx_e—1+ —
0
n
2
lllustration 6  Evaluate I COS X dx
T
2
E b1
2 2
Sol. I cosxdx =2 J CosX dx =2 (- cos xis even function)
0

A

1
2_
lllustration7  Evaluate I loge(2 Xj dx
)} + X

2—-X
Sol. Let f(x) = log, [2+x)

2+X 2-X
= f(=x) = log, (ﬂj = —log; (2+xj =—f(x)

i.e. f(x)is odd function
1
[10g, 22X 4w Lo
Y 2+X

Self Practice Problems
Evaluate the following

—
1L —
x
o
>
1
(7]

N
e MK

sin’ x dx Ans.

o

2

n

£ cosx
3 j d Ans.
1+e
o
2
PART D

a a
Further j f(x) dx = j f(a—x) dx
0 0
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Illustration8 Prove that

Sol.

Note :

LetI =

1.

Jz' g (sinx) ‘2[ g (cosx) dx £
o g (sinx) + g (cosx) ! g (sinx) + g (cos x) "4
j- g (sinx)
; g (sinx) + g (cos x)
3 g sin[n—xj >
. T 2 _ J2- g (cosx)
K [ . [n D [ (n n ~ ) g(cosx)+g(sinx)
g|sin =—-x||+g]|cos| ——x 0
2 2
on adding, we obtain
2 2
2I=J~ g (sinx) g (cosx) ‘- J~ dx 1<
0 g (sinx) +g (cosx) g (cosx)+g(sinx) 0
The above illustration can be remembered as a formula
Other similar formulae are
2 2
J- g(tanx) X=J~ g (cotx) Al k3
5 g (tanx)+ g (cot x) 5 g (tanx) + g (cot x) 4
2 2
J g (cosecx) j g (secx) T
dx=
5 g (cosecx)+g (secx) 0 g (cosecx) +g(secx) 4
L g(X) a
E[ g(x)+g(a-x) =75

Self Practice Problems

Evaluate the following

PARTE:

n
J 1+sinx

X
sinX +cos X

Ot |3

X SinXx cos X
sin* x + cos* x

Ot 3

dx

1++/tanx

O ———w |3

Ans.

% log, (1+\/§)

N|a
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=2 _[f(x) dx if f(2a—x) =f(x)

0

=0 if (2a—x) =—f(x)

T

. a3 3
lllustration 9 Evaluate I SIN~ XCOS™ X dx

Sol.

Sol.

0
Let f(x) =sin®xcos®x = f(m —x) = —f(x)
T

I sin® xcos® x dx=0

0

T

sec? x dx

ax
s lllustration 10 EvaIuateI 1+2sin2x 9%
ot 100 = 1\ 2sin?
= f(m —x) = f(x)
£ x
i &
dx ° dx 7
- ’([1"'23"12)( =2J.1+2sin2x =2-£
0
x
2 2 T
sec” x dx -
=2|| —== F 1 2
,! 1+3tan? x [tan («/Etanx)]()

Note :

Note :

b
tan E is undefined, we take limit

2 tan‘1(\/§tanx)—tan‘1(\/gtano)
RGN

2

We can evaluate the integral without using this property

2 n 2
J‘ J' Ccosec“x J' cosec“x dx
Alternatively - ) 4 502, = 4 Cosec?x+2 dx

cot?x+3

1+ tan? x + 2tan® x

Observe that we are not converting in terms of tan x as it is not continuous in (0,

et L

—% [+

cotx

V3

|

{

cotx

J3

m)

)

If we convert in terms of tan x, then we have to break integral using property P — 3.
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Illustration 11  Prove that

T

O[3

loge sinx dx =

2
Sol. Let I= j log, sinx dx
0

2 T
= I= J Ioge(sin (——XD dx
0 2

2
I= j log, (cos x) dx

>
Q
Q
>
Q
o
2
o ©

\V]

P

I
Ot |3

21=

Q=N |3

N
—
Il

—

(SR USIE

where 1 =
put 2x =t
L.L:x=0
. .x_2
= I, =
1o
_2x
= I =1

1

Self Practice Problems

Evaluate the following

T Ioge[x + x]

2
1. : 1+x

0. j- sin™' x

dx

log, (sin 2x) dx —

O 0 | 3

log, (sin x . cosx) dx

T
-~ — 2
2Ioge

log, (sin 2x) dx

= dx =
= t=0
= t=n

7 1
| = j loge(sint) - d
0

loge(sint) dt

dx

log cosx dx =

OV | 3

log, (sin2x) dx = — g log,? .

O[3

(by property P —5)

I
ot—na
[}
(o]
@
TN
28
>
N I\
>
~—

O —yo |3
o
«
@ ro
o
>

1
2

(by using property P — 6)

- (i) gives  T=~~ log

Ans:

Ans:
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. T
xlog, sinx dx Ans: ——log?

w
Ot 3
\V]

P -7 Iff(x)is aperiodic function with period T, then

nT T
(i) jf(x) dx =n jf(x)dx, nez
0 0

a+nT T

(i) [0 dx =n If(x)dx, nezaeR

a 0

nT T

(i) J'f(x) dx = (n—m) J’f(x)dx, m,ne z
mT 0
a+nT a

® [0 ox = [fdxnezaeR
nT 0
b+nT a

) If(X) dx = J.f(X)dx, nezabeR
a+nT a

2
lllustration 12 Evaluate Ie{X} dx
e

2 —1+3 1 1
Sol. Iem dx = Je{X} dx=3je<x} dx =3 je{"} dx = 3(e — 1)
- =il 0 0

nn+v

. T
lllustration 13 Evaluate II cosx| dx, 2 < v<mandne z
0
nm+v v nmt+v
Sol. Ilcosxldx: I|cosx| dx + I|cosx| dx
0 0 v

Ot |3

\ T
COSX — Jcosx dx+n ||cosx| dx
T 0

FREE Download Study Package from website: www.tekoclasses.com

T

2
=(1-0)—=(sinv—1)+2n Jcosx dx

0

=2-sinv+2n(1-0)=2n+2-sinv

Self Practice Problem
Evaluate the following
2

3
1, [e o Ans. 3(e—1)
b
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20007 %
dx :s
2. 1+esinx dx Ans. 1000w g
g
5n =
t sin2x b4 &
3 ————— dx Ans. - =
;[ sin* x + cos* x 4 2
=
PARTG : 2
e
P-8 Ify(x)<f(X)<o(x) for a<x<b, then %:j
b b b E
[w0o dx < 100 axs [ox) ox E
a a a

b
P-9 Ifm<f(x)<Mfora<x<b,thenm (b—a)< If(x)deM(b—a)

a

b
Further if f(x) is monotonically decreasing in (a, b) then f(b) (b —a) < Jf(x) dx<f(a) (b —a) and if f(x)
a
b
is monotonically increasing in (a, b) then f(a) (b —a) < Jf(x) dx <f(b) (b —a)

a

098930 58881 , BHOPAL

b

J'f(x) dx

a

b

< 10| dx

a

P-10

b
P—11 Iff(x)>0 on [a, b] then If(x)dx >0
a

FREE Download Study Package from website: www.tekoclasses.com

1 1 1
Illlustration14 For x € (0, 1) arrange f (x) = ,f.X) = 77— and f,(X) = 77— in ascending &
O DA = amse T Jamge MO Jue e ¢
derand h hat — Jl = i
order and hence prove that 6 < ) x/4_)(2_)(3 < 42
Sol. 0<x¥<x = X< X2+ X8 < 2x? = —2X% < — X2 =X < —x?
= 4-2x°<4—x—x8<4-—x
= Va—2x2 < 4-x2-x3 < a_x2
= f.(x) <f,(x) <f,(x) forxe (0, 1)

1 1 1
= £f1(x) dx < !fa(x) dx < !fz(x) dx
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Illlustration 15 Estimate the value of

ot—|a

sinx

Sol. Let f(x) = '

XCOS X —SinX

sinx
— dx

(cosx)(x —tanx)
<

F(x) = 2 =

=

X2

f(x) is monotonically decreasing function.

f(0) is not defined, so we evaluate

x—0*

Lt g Lt

~ x—0"

T =1.Take f(0) =

sinx Lt

T
2 .
sinx T
> —-0
I » dx 1.[2 J
0
T
1<j"_sinxd<£
0 X 2

Note :

Here by making the use of graph we'can'make more appropriate approximation as in nextillustration.

]
lllustration 16 _-Estimate the value of Jexzdx using (i) rectangle, (ii) triangle
0

Sol. (i) By using rectangle

1
Area OAED < j e dx.< Area OABC
0

1 2
1<jexdx <1.e
0

’
X2
1<Je dX < e

0

(ii) By using triangle

1 2
Area OAED < j e dx
0

1
1< JeXde
0

1o
<+2

A (e-1)

< Area OAED + Area of triangle DEB

1< eXEdX < e_+1

O t—
N
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1 1
lllustration 17 Estimate the value of Jexzdx by using Iexdx
0 0

Sol. For x € (0, 1), e <e*

1 1
= 1x1<jeX2dx<jede
0 0
1 2
1< jex dx<e—1
0
Exercise : Prove the following :
1 1 .
1. Je"‘ cos?x dx < Ie‘x cos?x dx
0 0
n n
2 2
2 0< Isin“”x dx < Isinzxdx
0 0
_1 1
3 e 4 < jex X dx <1
0
1.3
1 J~x COS X 1
4, _E£02+X2 dX<E

PART-H

X)
Leibnitz Theorem : If F(x) = [f(t) dt, then
X)
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Proof :

Illustration 18

Sol.

Illustration 19

Sol.

Illustration 20

Sol.

h(x
= Fw= [f0dt = P(hx) - P(gx)
g(x)
dF(x)
= —— =P’(h(x)) h"(X) = P’(g(x)) g’(X)

X2
If F(x) = I Jsint dt, then find F/(x)
X

Indefinite & Definite Itegration 36 of 89

-
F'(x) = 2x. Ysinx® =1 . Jsinx g
o
I
3x m
t

If F(x) = j N dt | then find first and second derivative of F(x) with respect to log*. &
e2x ler 8
n
at x = log2 a
2}
3

dF(x d 3x 2x
aloss) - e diosm {3 g P )

09§ X g log$ log$

d®F(x) d d 1

= ) (86x _ e4x) - & (eGX _ e4x) X M - (6 eex — 4 e4x) X

d (logé)2 o

First derivative of F(x) at x =log?, (i.e.ex=2)is 26— 24 =48

d flog?

Second derivative of F(x) atx = log®,/ (i.e.e*=2) is (6 . 2°~4 .2 .log2=5.2°.log>.

Lt[l‘—
T

Evaluate |

Lt M [3 formj

Applying L Hospital rule

X
2.J.e‘2d’[.ex2
0

_ Lt
X—>o0 1 62X2
% 2
t
Lt Z!e ) Lt 2.¢"
= e = o e’ T
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Illustration 21

Sol.

Sol.
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Illustration 24 Evaluate

Alternatively :

X
lllustration 23 Evaluate j

Modified Leibnitz Theorem :

h(x)
If f(x, t) dt, then
g(x)

h(x)

J +f(x, h()h'(x) —f(x, 9(x)) . g'(x)

g(x)

X

dt
If f(x) = J x 11, thenfind (x)

logs

X X
11 1 } 1
"(X) = ——dt — = —
) J (x+t) 1o T (x+logX) = X+ g * 2x

log

1

B xix+|og§)

1 1 X +1 logi—1

1
T 2x  xtlogt ¢ xix+|ogei =% " xx+logZ) = x [x+logX)

odt

f(x) = v =loge (x +1) (treating ‘t' as constant)

X
logg log’

f(x) = log® ~log, (x + log *,
1) logs—1

F(x) = ; A ix+|ogéi X ) - x‘x+log§i

Definite Integrals dependent on parameters :

b

, ‘b’ being'parameter

0 e
Let I(b jx_1d
tI(b) =

etio) - | g o

1 b X
dI (b x°lo
()=j e 4x+0-0

db log;

e

(using modified Leibnitz Theorem)

1
1 b+1

X 1

b "

=J.x dx = b+1:| = b1

0 0

I(b) =log, (b + 1) +c
b=0 = 10)=0
c=0 . I(b) = log, (b+1)
1 -1
I fan_(ax) dx, ‘a’ being parameter
5 xVi-x2
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* tan tan~"(ax)
Sol. LetI(a I dx
xV1-x2
dI( 1 1
a
-([ 1+a2x?) x\/1_ J
Putx=sint = dx =costdt
LL :x=0 = t=0
UL :x=1 t= 2
L. X = = = >
z
di(a) % 1
()—I——costdt_
da ¢ 1+a’sin’t cost
z
_j‘ sec?t dt 1
5 1+(1+a®)tan’t \/1+a
_ T
1+a2 2
- 1(a)=E log, (a+\/1+a j
But I(0) =0 c==0
v
— a+ 1+aj
= =3 (

X3

1. If f(x) = j cos t
0

y

4. lFf(x) = | x®sint

FREE Download Study Package from website: www.tekoclasses.com

X ey X

dt
3. If x = _([m and

Self Practice Problems :

dt, find f'(x).

d?y .
W = Ry then find R

dt then find f'(x).

t
2. If f(x) = e and g(x) = ~[1+t4 dt then find the value of f'(2).

adx

PN

(1+a

dt
1+a%sint

Oy [ 3

i

tan™' ( 1+a? tantﬂ2
0

Ans.

5. If (x) = cos x— J(x —1) ¢(t) dt, then find the value of ¢”(x) + o(x). Ans

6. Find the value of

the functionf(x) =1 + x +

L

X2 (2x sin X2 — sin x) +

—COS X

(1ogt )2 + 210g! ) dt where F(x) vanishes.

(cos x — cos x?) X,

2
Ans. 1+ —
e
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X2

j cost? dt

7. Evaluate ) S————. Ans. 1

n 1++/1-b?
8. Evaluate J.Ioge(1 +bcosx) dx, ‘b’ being parameter. Ans. Tlog, 2
0

Indefinite & Definite Itegration 39 of 89

PART -1
Definite Integral as a Limit of Sum. 2‘.'
Let f(x) be a continuous real valued function defined on the closed interval [a, b] which is divided into n partss
as shown in figure. x
A §
y = f(x) _ 2
[=}
[}
2}
==}
2}
o
aa+ha+2h............... a+(n-1)h a+nh=g X E
N~
[}
[=}
;)
The point of division on x-axis are a, a + h, a + 2h .......... a+ (n—1)h, a + nh, where =h. §
Let S, denotes the area of these n rectangles. >
Then, S = hf(a) + hf(a + h) + hf(a + 2h) + ........ +hf(a + (n—1)h) E
Clearly, S, is area very close to the area of the region bounded by curve y = f(x), x-axis and the ordinates &
X=a,x=b. n
X
b Y
= L
Hence I f(x)dx= Lt S, é
a
S
b n-1 n-1 b—a b (4
—-a)r <
If(x)dx: Lt Y hf@+rh) = Lt Z(—n ]f[a+( ) ) <
n — oo ~0 n—oo r=0 n o
a
Q
Note : ;
1. We can also write a
2 - (b- b-a) o
S,=hf(a+h)+hf(a+2h)+..... +hf(a+nh)andjf(X)dX= Lt Z flat|l——|r E
N—eo =1 <
a
=
1 n-1 1 r [=]
Lt —f|—
2. Ha=0b=1, [f0gdx= K 20 [nj S
0 - n
(7]
w
Steps to express the limit of sum as definte integral 2
r 1 Lt )
Step 1. Replace o by x, o by dx and 5. X by | o
X
‘ =
Step 2. Evaluate E}w (;] by putting least and greatest values of r as lower and upper limits respectively.



=

p

1 R r
For example n_m Z e [_j I f(x) dx (- nl;tw [H)
0

r=

Illustration 25 : Evaluate

Illustration 26 : Evaluate

72
=]
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Lt 1 1 1 1
+ + + +—
noe 1+n 2+n 3+n 2n

Lt 1 1 1 1
+ + Forernnnnn +—

noe 11+n 2+n 3+n 2n
& 1

Lt —
n—oe &= r+N

1 1 dx
nhtm Z n ( j+1 = .([ <+1= [Ioge(x+1)]2) = log 2.

Lt n+1 N n+2 n+3 3
noe | n?2412 n24+22 n2432 5n

Tt (&0 -
n)=nssdn = 2, when r= 2n, upper limit = 2

j 1+X q j 1 q 1 j 2X d
X = X += | — dx
1+ x2 . 1+ x2 T2 . 1+ x2

2

and

1 2
= tan'x2, + Eloge(1+x )L

1
=tan”" 2 + > log.5

Illustration 27 : Evaluate

1

Lt n! \n
n— oo n_n

1

nl \n
Let y = nl:)tw [n—nj

1 n!
log,y = HEW o log, (n_”]
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g

[=]

&

7)) =
%]
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1. If 1, =

Proof: I =

O =3

1
|z An

| 1+n

O =3

1N r
| —
= N oo H Zoge(n)
1 1
_ J. Iogexdx:xlogex—x]
0 0

—(0-1)- Lt

x—=0*

=—1-0=-1

1
="

xlogx +0

Self Practice Problems :

Evaluate the following limits

1 1

1 1.2.3....... n
e, 155

1 2 3 n
ngw% {Ioge(ﬁj+Ioge(ﬁj+loge(ﬁj+... +Ioge(ﬁﬂ

1

1 1 1 1
+ + +£.....
2+n

A sin® ™ 1 2sin® |2 +3sin® Sk
n2 4 4n

n

3+n 5n

+ ot
2 nyn2+2n \/n2+n21

R RN
2|1+ + + +
n n+3 n+6 n+9

Reduction Formulae in Definite Integrals

sin" x dx

n-1
sin" x dx, then show that I_ = (n

log.5

m‘%l

N a

7[2

(52— 15m)
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s

I,= [—sin”‘1xcosx o+

Ot |3

(n—1) sin"2 x . cos? x dx

2
=(n-1) J sin™2 x. (1-sin® x) dx
0

T T
2 2
=(n-1) J sin"2 x dx — (n—1) Jsin”xdx
0 0
IL+(n=1)L=(mn-1)1_,
n-1
In= n In—2
n n
2 2
Note: 1. Jsin”xdx = J cos" x dx
0 0

according'as n is even or odd. I =

T
E,I1=1

Hencel =

(2= fe=2 Y=oty 2

N

If 1, =

O[3

(tanx)"2

FREE Download Study Package from website: www.tekoclasses.com
&
i
O t—— |3

I
Ot |3

(tanx)" sec?x dx —

O t—— |3

[”r‘]q(::g)[;j} ........ @1

]
tan"xdx, then show that I +1_, = P

O t— |3

. tan®x dx

(tanx)"? (sec?x — 1) dx

(tanx)"2 dx

nis even

nis odd
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I = -1
n n_1 2
I +1 !
+ = —

n n-2 n_1

s

2 —
3 If I =jsinmx.cos”xdx,thenshowthatI = I ,,n

mn 0 mn m+n m—

Sol. I = | sin™"x(sinxcos"x) dx

3
5
O[3

SR

I: sin™ " x . cos™" x:l
_Sim x.cos X\

n+1
0

sin™2x . cos" x .cos® X dx

Il
N\
S (3
+ 1
-
~
O ==y |3

(sin”“2 x . cos" x —sin™ x..-cos" x) dx

Il
VY
S |3
+ 11
-
~—
[ L]

m—1 m-3 ] m-5 ]
Note: 1. Ln={m+n) Uman—2) \man_a) ==

cos" x dx and I =

—
o
5
Il
O =3
O3

2. Walli’s Formula

(m—1) sin™2 x cos x dx

I, orI, —according as mis even orodd.

. 1
sinx.cos"xdx = —

n+1
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mn

otherwise
(Mm+n)(M+n-2)(m+n-4)........
s
2
lllustration 28 : Evaluate I sin® x cos® x(sinx + cos x) dx
9
2
T @
2 2
Sol.  Givenintegral = J. sin® x cos? x dx + I sin? x cos® x dx
T
_g =
n
2
=0+2 J sin? x cos® x dx (- sin®x cos?x is odd and sin2x cos®x is even)
0
1.2 4
=2.531°715

b4
lllustration 29" Evaluate | xsin® xcos® x-dx
0
kg
.5 6
Sol. letI= J XSin” xcos® x dx
0

I J. (m—x) sin®(m - x) cos® (= x) dx
0

=T

o—,

T
sin® .cos® x dx _ J xsin® x . cos® x dx
0

FREE Download Study Package from website: www.tekoclasses.com

Y
2
= 21=n.zjsin5x.cosﬁxdx
0
4.2.5.3.1
=711 9.7 531
8w
=503

1

3 5
lllustration 30 : Evaluate j x*(1-x)”dx
0

Sol. Putx=sin’06 = dx =2 sin 6 cos 6 d6
L.L Xx=0 = 0=0

U.L. x=1 = 0=

N a
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