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Differential Equation

Introduction

g}
An equation involving independent and dependent variables and the derivatives of the dependent variables is {2
called a differential equation. There are two kinds of differential equation:

com

=

20

11 Ordinary Differential Equation : If the dependent variables depend on one independent variable ©
X, then the differential equation is said to be ordinary.

f e Wl
or example x T ax CYta
y . d’y ., dy
— = —+2=
ax FXy=sinx, o dx

dzy_1+d_y23/2 _ 1+ﬂ2
kd?_ dx ,y—Xd—X+k dx

1.2 Partial differential equation : If the dependent variables depend on two or more independent
variables, then it is known as partial differential equation

pag

for example VootY o =zax, 22420

N

Order and Degree of a Differential Equation:

2.1 Order : Order is the highest differential-appearing in a differential equation.
22 Degree~

It is'determined by the degree of the highest order derivative present in it after the differential
equation iscleared of radicals and fractions so far as the derivatives are concerned.

dmy 1 dm—ly N2 dy N
f (X y) dx_m +f,(x,y) a1 + o fx,y) {&} =0
The above differential equation has the order m and degree n..

ge from website: www.TekoClasses.com & www.MathsBySuhag
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Example :
Find the order & degree of following differential equations.
6 114 dy dzy
d?y dy o @
- - _ +| == .~ _ X
0] 2 [y (dx (i) y=e
_[dy d%
(iii) sin &+d7 =y iv) ey" —xy"+y=0
_Eg Solution.
(&) 4
Sy [Ey] (e . order=2, degree =4
¥ 0 | ax o order = 2, degree =
>
© . d’y dy
) (i) —> + -~ =/(ny order=2, degree=1
E'j—‘.) dx dx
o (ii) ey sin : order = 2, degree = 1
g ax2 dx ~ y » , deg
c
; dy dzy . L
o (iv) pdd —X d7 +y=0 equation can not be expressed as a polynomial in differ-
0O ential coefficients, so degree is not applicable but order is 3.
L Self Practice Problems :
TR Find order and degree of the following differential equations.
' , dy _ 1 _ -
LL 0] dx +y= dy Ans. order=1, degree=2
dx
dy d% d°t
(i) o dx dx®) =N d?+1 Ans.  order =5, degree = not applicable.
Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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=W

N

w

w m
=3

xample :

© m
=3

elf Practice Problems :

Mdx X
Successful People Réplace the words

2

dy 1/2 dzy
- + = — = =
(iii) (dxj y i Ans. order=2,degree =2
3. Formation of Differential Equation:
Differential equation corresponding to a family of curve will have :
(a) Order exactly same as number of essential arbitrary constants in the equation of curve. Lo
(b) no arbitrary constant present in it. .
The differential equation corresponding to a family of curve can be obtained by using the following (9)
steps:
@ Identify the number of essential arbitrary constants in equation of curve. %
NOTE : If arbitrary constants appear in addition, subtraction, multiplication or division, then we can club g
them to reduce into one new arbitrary constant.
(b) Differentiate the equation of curve till the required order.
(c) Eliminate the arbitrary constant from the equation of curve and additional equation obtained in step
(b) above.
xample :

Form a differential equation of family of straight lines passing through origin.
Family of straight lines passing through origin is y = mx where’'m’is parameter.
Differentiating w.r.t. X

dy _
dx
Eliminating ‘m’ from both equations
dy _y
dx ~ x
which is the required differential equation.
Form a differential equation of family of circles touching x-axis at the origin ?
Equation of family of circles touching x-axis at the origin is
X2+y2+y=0 M where A is parameter
dy dy N
2x+2yd +}“dx 0 e (i)
Eliminating ‘A’ from (i) and (ii)
dy 2xy

d_X = XZ _y2
which is required differential equation.

Obtain a differential equation.of the family of curvesy = a sin (bx + c) where aand ¢ being arbitrary constant.
Al &y +by=0
ns. —5 =

dx? y

Show the differential equation of the system of parabolas y? = 4a(x —b) is given by

d?y  (dy)?
y?*(dxj =0

Form a differential equation of family of parabolas with focus origin and axis of symmetry along the
X-axis.

dy )’ dy
2 —

Ans.  y?=y? (dxj +2xXy - ax
Solution of a Differential Equation:
Finding the dependent variable from the differential equation is called solving or integrating it. The solution or
the integral of a differential equation is, therefore, a relation between dependent and independent variables
(free from derivatives) such that it satisfies the given differential equation
NOTE : The solution of the differential equation is also called its primitive, because the differential equation
can be regarded as a relation derived from it.

There can be three types of solution of a differential equation:

(i) General solution (or complete integral or complete primitive) : A relation in x and y satisfying a
given differential equation and involving exactly same number of arbitrary constants as order of
differential equation.

(if) Particular Solution : A solution obtained by assigning values to one or more than one arbitrary con-
stant of general solution.

(iii) Singular Solution : It is not obtainable from general solution. Geomatrically, General solution acts
as an envelope to singular solution.

Differential Equation of First Order and First Degree :
A differential equation of first order and first degree is of the type
dy

d_ + f(x, y) = 0, which can also be written as :

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.
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6. Elementary Types of First Order and First Degree Differential

c Equations :

o 6.1 Variables separable : If the differential equation can be put inthe form, f(x) dx=¢(y)dy w e
&) say that variables are separable and solution can be obtained by integrating each side separately.
% A general solution of this will be Jf(X) dx = I¢(y) dy + c, where c is an arbitrary constant

< Example : Solve the differential equation

5—’) QL+x)ydx=(y—1)xdy

>\Solution. The equation can be written as -

o)
I3 ce s

MXx+x=y—-/Iny+c
my+/mx=y—-X+cC

Xy = cev>
dy
Example : Solve : ax - (ex+1)(1+y?
Solution. The equation can be written as-

dy2 = (e* +1)dx
1+y
Integrating both sides,
tanty=e+ x + C.

TekoClasses.com & www.MathsB

dy 2 dy

. Ny —— = + —
Example : Solve iy — X ax "2 [y dxj
Solution. The equation can be written as -

d
y—ay2=(x+a)d—i

dx  dy
X+a_y—ay2

dx. 1

x+a  yld-ay) ¥

dx 1. "a
x+a |y 1l-ay dy

Integrating both sides,
mxX+a)y=(ny—-(n(l—ay)+/nc

cy
/(x+a)=1/In (1—ayj

cy = (x +a) (1-ay)
where 'c' is an arbitrary constant.
6.1.1 Sometimes transformation to the polar co-ordinates facilitates separation of variables. In this
connection it is convenient to remember the following differentials:
If x=rcos0;y=rsin 0 then,
(M) xdx +ydy=rdr (i) dx? + dy? = dr? + r?d6? (iii)y x dy —y dx = r?d6
If x=rsec6&y=rtan0then
(M) xdx—ydy=rdr (ii)xdy—ydx=r?seco do.
Example : Solve the differential equation xdx + ydy = x (xdy — ydx)
Solution. Taking X =r cos0, y =r sind
X2 + y2 — r2
2x dx + 2ydy = 2rdr
xdx+ydy=rdr ... (i

¥ = tano
X

y Package from website: www.

d
d - do
_dx " =sec. —

2 dx

xdy —y dx = x? sec?0 . do
xdy —ydx =r2d6 ... (i)
Using (i) & (ii) in the given differential equation then it becomes
rdr=rcoso. r2de

FREE Download Stud
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?—; = cosb do

1 .
—F:sm9+k

1 y
B \/x2+y2 - \/x2+y2 A
_y+1l
W =c where-\=c
(Y + 1)?=c(x*+¥?)

6.1.2 Equations Reducible to the Variables Separable form : If a differential equation can be re-
duced into a variables separable form by a proper substitution, then it is said to be

d
“Reducible to the variables separable type”. Its general form isd—i =flax+by+c) a,b=0.To

www.MathsBySuhag.com

solve this, put ax + by + c = t.
o Example : Solve g—i = (4x +y+ 1)
& Solution. Putting 4x +y + 1 =t
dy  dt
dx ~ dx

dy dt

dx ~ dx
Given equation becomes

E 4 = t2

dx

dt

t? + x

Integrating both sides,

I4:Iitt2 y Idx

4+

= dx (Variables are separated)

om website: www.TekoClasses.co

1 t 1 4x+y+1
= Etan-1§:x+c = Etan-l(—z J:x+c
dy
Example : Solve | sin™ (d_xj =Xty
Solution. d_y =sin (x +y)
_ dx
putting X +y =t
dy dt
dax " oax L
E—l:sint = E:l+sint = dt = dx
dx dx 1+sint

Integrating both sides,

J.l+itint - Idx

1-sint
[==
cos-t

dt=x+c

j(seczt—secttant) dt = x + ¢
tant—sect=x+c
1-sint

t .t
COS——sin_
2 2

FREE Download Study Package fr

- t .t =x+cC
COS— +Sin—
2 2

r_t
—tan |, 75 =x+c
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T X+Yy
tan | 7~ +x+c¢c=0

e 4 2
8 Self Practice Problems :
d)l' Solve the differential equation
@© dy 1
< X2y —— = (x+1)(y+1) Ans. y/n(y+1l)=inx—-— +cC
> dx X
CQZ. Solve the differential equation
m xdx + ydy _ de _ Xdy 5 5 y
2 \/x2+y2 = X2 Ans. XS +y +;—C
fd
=
d 3
- 3. Solve: & exry + x%eY Ans. —— =e*+ LI c
% dx ey 3
4 Solve: b 1+x+y+ A =X+ / 14+ V)| +
o34 ove.xydx— X +Yy+ Xy ns. y=x+/n[x1+y)+c
&
O dy e e
O5. Solve O - L1te Ans. e *=x+cC
(7))
8 d X+Y
0 6. —y:sin(x+y)+cos x+y) Ans. log | tan +ll=x+c¢
a dx
@) y .
_527. ax =xtan (y=xX) +1 Ans.  sin(y—x)=ex*c
[5) 6.2 Homogeneous Differential Equations :
2 , . : dy  f(xy)
A differential equation.of the from dx :W where f and g are homogeneous function of
xandy, and of the same degree, is called homogeneous differential equaiton and can be solved
easily by putting y = vx.
. 2
y d
3 Example : Solve ZX + (;j -1 &
) X dx
O Solution. Putting y = vx
)
= dy dv
e A X —
dx dx
&
g 2V + (v2-1) (V+X—j=0
% dv 2v
m VvV +X & = V2 1
X’
% U v(§+ v?)
o dx vi-1
> vZ-1 dx
=] j—z == |-
S v(l+v*)
fd
0p) J'( 2v _EJ
-% IR dv=—-/nx+c
o Mml+v3)—-/inv=—/InXx+cC
c 1+v2
= m|— =c
o
()] x2 4 y2
L m|—> |=c
L Yy
nd X2+ y?=yc' where ¢’ = e
L Example : Solve : (x*—y?) dx + 2xydy =0 giventhaty=1whenx =1
. dy = x*-y?
Solution. ax - 2xy
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Yy = VX
dy _ v . LAy 1
dx V7 dx " VFIXax =7 oy
2v dx
I 7 dv=—|—
1+v 0
Mm(L+v)=—=/Inx+c ™
at x=1y=1 v=1 S
/n2=c N~
y? >
m {1"')(_2})(} = /n, <
X2+ y?=2x
) ) —
6.2.1 Equations Reducible to the Homogeneous form %
_ dy ax+by+c 2
Equations of the form dx  AX+By+C e (0] 8
can be made homogeneous (in new variables X and Y) by substitutingx = X+ handy =Y + k, %
here h K dy aX+bY +(ah+bk+c) o
where h and k are constants, we get dX = AX+BY+(Ah+Bk+C)® (2) o

Now, h and k are chosen such that ah + bk + ¢ = 0, and Ah + Bk + C = 0; the differential equation gy
can now be solved by putting Y = vX.

) ) _dy X+2y-5
xample : Solve the differential equation ax m
olution. Let x=Y+h, y=Y+Kk
dy dy dy dX
dx _dY " dX dx
o dy
=1 ax 1.
_ay ' dy'  X+h+2(Y +k)-5
—dX B dX T 2X+2h+Y+k—4

5 X+2Y +(h+2k-5)

~ 2X+ Y +(2h+k-4)
h & k are such that h +2k — 0&2h+k-4=0
h=1k
dy X+ 2Y

X " oxay whichiishomogeneous differential equation.

Now, substituting Y = vX
dy dv
d_X: v+ X d_X
dv  1+2v
dX = 2+v
ol

j 1 N 3 _
2v+l)  21-vy) dvEMmX+c

1 3
Efn(v+1)—56n(1—v):€nx+c

v+1

(1-v)®
(Y+Y) x2
(X-Y)* X2
X+Y=c(X-Y) where e* = ¢!
X=1l+y-2=c'(-1-y+2)
X+y-3=c¢(x-y+1)®

Special case :

(A) In equation (1) if aB = Ab, then the substitution ax + by = v will reduce it to the form in which
variables are separable.

/n = /nX?+ 2c

= X

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0 903 903 7779
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dy 2x+3y-1

EExample: Solve dx = 4x+6y-5
o
O Solution. Putting u = 2x + 3y
du dy
ax =2+3. ax
1 [ﬂ_zj_ u-1
3 \dx T 2u-5
du _ 3u-3+4u-10
dx 2u-5
2u-5
= | dx
I?u—lS dx .[
2 9 1
= |1du = = =
= 7_[ 7J.7u_13.du X+cC
E = lZn Tu—13)=x+
= 7u— 77 (Tu—-13) = c

(B)

Example :

TekoClasses.com & www.MathsBySuhag

Solution.

9
= ax + 6y — 7€n(14x+21y—13):7x+7c

9
= —3x+6y—7 /n(14x + 21y —13)=c'

In equation (1), if b + A =0, then by a simple cross multiplication equation (1) becomes an
exact differential-equation.

dy X—-2y+5

Solve ax ox+y—1
Cross multiplying,
2xdy +y dy — dy = xdx.— 2ydx + 5dx

page 8 of 35

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

2 (xdy +y dx)+ ydy — dy =xdx + 5 dx
2.d(xy) +y dy — dy.=xdx + 5dx
On integrating,
.. y? x?
Q 2Xy+ — —-y=— +5X+C
= 2 2
7)) = X2 —4xy —y?+ 10x + 2y = ¢/ where ¢'=-2c
8 © If the homogeneous equation is of the form :
= yf(xy) dx + xg(xy)dy = 0,.the variables can be separated by the substitution xy = v.
gSelf Practice Problems :
— Solve the following differential equations
)
(@)] dy y . Y. 1y
_Eg 1. (X&—YJ tan- < = xgiven thaty=0atx =1 Ans. x2 +y? = e;tan N
© d
(] —y -V — X i X =
D_2. de y xtanx Ans. xsmx C
>
dy X+2y-3
53. X - 2x+y+3 Ans. x+y=c(x—-y+6)
% dy X+y+1
(64' d—xzm Ans.  3Q2y-x)+log(3x+7y+4)=C
o
[= dy _ Sx+2y-5 , , _
%5. dx - 3y-2x+5 Ans.  3x?+4xy—3y?-10x-10y =C
a 6.3 Exact Differential Equation :
LLI d
. . . y
L The differential equation M + N vl (1)
E Where M and N are functions of x and y is said to be exact if it can be derived by direct differentiation

(without any subsequent multiplication, elimination etc.) of an equation of the form f(x, y) =c¢

dx
e.g. y2dy + x dx + - = 0 is an exact differential equation.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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oM ON
c NOTE: (i) The necessary condition for (1) to be exactis E = Ve
@] (i) For finding the solution of Exact differential equation, following exact differentials must be remem-
o bered :
= xdy — ydx y
f_-“ (a) xdy +y dx = d(xy) b)) =d{ (c) 2(x dx +ydy) =d (x* +y?) Lo
= ©
xdy — ydx y xdy — ydx Y xdy + ydx
2 WOl @S (] 0 can f
oM )
n xdy + ydx 1 g
_E, (9) 2v2 - d vy
o] y y
=
: xdy — ydx
%Example : Solve :ydx + x dy = —x2+y2
_ xdy — ydx
o Solution. ydx + xdy = 2 1v2 Ty?
& d (xy) = d (tan™t y/x)
o Integrating both sides -
&) Xy =tanty/x +c
4 &
8 Example : Solve : (2x /ny) dx + (7+ 33’2de =0
O solution. The given.equation can be written as -
Q d
o) y
R /ny (2x) dx + x2 (VJ +3y?dy =0
2 -7 nyd () +x2d (fny) +d (y9) =0
: = d (x% ¢ny) +d (y°) =.0
Now integrating each term, we get
x2/ny +y?=c

SelfPractice Problems :

1. Solve: xdy +ydx +xy e’dy=0 Ans. | /n(xy)+e'=c

2. Solve: ye>#¥dx — (x> +y3) dy =0 Ans.  2eV+y2=¢

6.4 Linear Differential Equation :

FREE Download Study Package from website:

When the dependentvariable and its derivative occur in the first degree only and are not multiplied together,
the differential'equation is called linear
The m™ order linear differential equation is of the form.

dmy d™ly dy
P,(X) o + P,(x) L F o +P (x)d—X +P_(X)y=d(x),
where P (X), P,(X) ..cooooiiinninn P_(x) are called the coefficients of the differential equation.

d
NOTE: d—i + y2sinx = Inx is not a Linear differential equation.

Linear differential equations of first order :

d
The differential equation d—i +Py=Q,islineariny.

where P and Q are functions of x.

Integrating Factor (I.F.) : - Itis an expression which when multiplied to a differential equation converts it
into an exact form.
I.F for linear differential equation = elPd (constant of integration will not be considered)
.. after multiplying above equation by I.F it becomes;
S_y . eIPdX + Py .edex = Q. edex
X

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

d
— [Pdxy — [Pdx
= X (y.e'™) = Qe

= y_edex = J.Q-ejpdx"'c.

NOTE : Some times differential equation becomes linear if x is taken as the dependent variable and y as
independent variable. The differential equation has then the following form :
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dx
c dy +P, x=Q,.
8 where P, and Q, are functions of y.
o) The LF. nowis /™%
@ Example : Solve
S dy 3x?  sin®x
U>)\ dx " 1axd YT 11x°
Soluti L + Py =
olution. ax y=Q
3 2
p=
1+x

3x2
— [Pax = dX = n(iexd) =
IF = ej X = e~[1+x3 X = o) =1+ x3

General solution is
y(IF) = jQ(IF).dx +C

y(L+x%) = ji'jxs (L+x9)dx +c

www. TekoClasses.com & www.MathsB

1-cos2x
y(1+x3):J.de+c
(1+x3)—lx sin2x+C
y T2 4
dy
Example : Solve : x /nx ax +y=2/nx
Solution d_y+ = -2
olglan, dx  xinx 7T x
g 1 Q_Z
Toxinx Y x

1
IF = ejP.dx = ejmdx = eén(/,’nx) =/n X
General solution is
2
y. (InX) = j—.(nx.dx +C
X
y-(nx)=(nx)>+c

Example : Solve the differential equation
t(l+t)dx=(x+xt2-t))dtanditgiventhatx =—n/4d att=1
Solution. t(A+t?)dx =[x (1+1t?)-t]dt
dx x
dt — t (@1+t?)
ax_x___t_
dt t  1+t?

hichis li in &
whichis linear in - -

Here, P=— =, Q t
ere, P=—- —, = _
t 1+1t2
—I}dt 1
F=e 't =em="

General solution is -

1 J’} _
X- 17y Tpge ) dtre

X
t

FREE Download Study Package from website:

=—tan't+c

puttingx =—m/4,t=1
—mld=-nld+c = =0
X=—ttan?t
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Equations reducible to linear form
6.4.1 By change of variable.

m

. dy :
8 Example : Solve : y sinx ax COS X (Sinx — y?)
U')Solution. The given differential equation can be reduced to linear form by change of variable by a suitable
subtitution.
Substituting y? = z
dy dz
2y dx — dx
differential equation becomes
sinx dz _
—~——_ *+CO0S X.z = sin X COS X
2 dx

dz o . dz
— +2cotx.z=2cosx whichislinearin —
dx dx

eIZCOtxdx

IF = — g2/nsinx = gjn2 x General solution is -

7. sin?x = IZcosx.sinz x.dx + ¢

2
y? sin?x = 3 sin®x + ¢
6.4.2 Bernoulli's equation :

d
Equations of the form d—i +Py=Q.y", nz0andn=1

where P and Q are functions of X, is called Bernoulli's equation and can be made linear in v by
dividing by y" and putting y "** = v. Now.its Solution can be obtained as in (V).

e 'ZSinxd—y— COS X = xy3eX
.g.: ax Y = xyseX.

TekoClasses.com & www.MathsBySuha

) d Y
Example : Solve: %—% = y_z (Bernoulli's equation)
X
Solution: Dividing both sides by y?
pr\dy W 1
.q). y2 dX Xy X2 ..... (1)
= 1
8 Putting ; =t
o
= _ Ldy at
c y? dx | dx
o differential equation (1) becomes,
S
~= d t_1
% dx x x2
© d t 1 L . . .. dt
4 —— +t—=—— whichislinear differential equation in ——
5 dx x X dx
© Ildx
ol IF=glx =em™=x .- General solution is -
=) L
S t.x:j—x—z-xdx+c
fd
7)) tX=—=/nx+c
S X
® v =— Inx+c
o Y
= Self Practice Problems :
= dy x? +1
o1 Solve : x (x2+1) == =y (1-x? + x?{nx Ans. y=X/nx-—-x+c
O dx X
d

H 2. Solve : (x + 2y?) d—i =y Ans. x=y(c+Vy?
' dy
LL 3. Solve:xd—x+y:yzlogx Ans. y(l+cx+logx)=1

4, Solve the differential equation

d
Xy? [d_i:j —2y*=2x3giveny=1latx=1 Ans.  y3+ 2x3 =3x8
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7.  Clairaut’s Equation :
e The differential equation
@) dy
o y=px +f(p), = (10), where p =i
% is known as Clairout’s Equation.
c To solve (10), differentiate it w.r.t. X, which gives
- _ dp
n either — =0=p=c .. (11)
> dx
m or x+f(p)=0 L (12)
7)) NOTE: (i) If pis eliminated between (10) and (11), the solution obtained is a general solution of (10)
e (i) If p is eliminated between (10) and (12), then solution obtained does not contain any arbitrary
E constant and is not particular solution of (10). This solution is called singular solution of (10).
= _ o _dy
- Example : Solve:y=mx+m-m?3 where, m = ax
Solution. y=mx+m-m® ... Q)
The given equation is in clairaut's form.
Now, differentiating wrt. X -
d_y= m+xd_m+d_m_3m2d_m
dx dx dx dx
oy G dm o dm
M=M*Xax " dx dx
dm ,
X x+1-3m?»=0
am _ . _
ax - = m=c ... (i)
x+1
or X+1-3m?=0 = mZ:T ..... (iii)

= W»

N

FREEOODownIoad Study Package from website: www.TekoClasses.com &

Eliminating 'm' between (i) & (ii)yis.called the general solution of the given equation.

y = cx + ¢ — ¢® where, 'c'is an arbitrary constant.

Again, eliminating 'm' between (i) & (iii).is called singular solution of the given equation.
y=m(Xx+1-m?

_\ X+1 3/2
y= 3

y? = 4 (x + 1)
27
27y* =4 (x + 1)°

elf Practice Problems :

Solve the differential equation

dy
Y=mx+ 2/m where, m=
dx

Ans.  General solution : y = cx + 2/c where cis an arbitrary constant
Singular solution : y? = 8x

d
Solve : sin px cosy = cos px siny +p wherep = d—i

Ans.  General solution : y = cx —sin™ (c) where c is an arbitrary constant.

2
. -1
Singular solution : y= x/xz—l—sm‘lwfx -
X
Orthogonal Trajectory :

An orthogonal trajectory of a given system of curvesis defined to be a curve which cuts every member of
a given family of curve at right angle.

Steps to find orthogonal trajectory :

@)
(if)

Let f (X, y, c) = 0 be the equation of the given family of curves, where 'c'is an arbitrary constant.
Differentate the given equation w.r.t. x and then eliminate c.

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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dy dx . . . o
(iii) Replace ™ by — — in the equation obtained in (ii).

= dy

O (v) Solve the differential equation obtained in (jii).

o Hence solution obtained in (iv) is the required orthogonal trajectory.

(@)

(C Example : Find the orthogonal trajectory of family of straight lines passing through the origin.
£ Solution. Family of straight lines passing through the origin is -

- y=mx .. (i)

CQ where 'm' is an arbitrary constant.

Differentiating wrt  x

o d
2 Ym (ii)
+— dx
© Eliminate 'm' from (i) & (ii)
= _dy
Y= ax
_dy ax
Replacing dx by — dy we get
o
dx
& Y= "gy X
o Yy
(& xdy+ydy=0
) Integrating each term,
O] 2 2
0 Y o _;
n 2 2
C_ﬁ = X2 +y2=2c
(@) which is the required orthogonal trajectory.
o
X Example : Find the orthogonal trajectory of y? = 4ax’(a being the parameter).
@ Solution. y2=dax < ... 0)
— dy
2y ax 4da ... (i)
Eliminating 'a’ from (i) & (ii)
dy
2 — —
y? =2y dx B
dy o dx
Replacing ax by dy - we get
_dx
y=2 dy X

2xdx+ydy=0
Integrating each term,
2
xt+ L =¢
2x2+y?=2c
which is the required orthogonal trajectories.

elf Practice Problems :

Find the orthogonal trajectory of family of circles concentric at (a, 0)
Ans. y=c(x—a) wherecisan arbitrary constant.

=W

N

Find the orthogonal trajectory of family of circles touching x — axis at the origin.
Ans. X2+ y?=cX where c is an arbitrary constant.

w

Find the orthogonal trajectory of the family of rectangular hyperbola xy = ¢
Ans. x?2-y*=k where k is an arbitrary constant.

wnload Study Package from website: www.

SGeometricaI application of differential equation :

L Example : Find the curves for which the portion of the tangent included between the co-ordinate axes is
L bisected at the point of contact.

(X Solution. Let P (x, y) be any point on the curve.

LL Equation of tangent at P (x, y) is -
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page 13 of 35

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.



Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com
B 4

> 9

d
Y-y=m(X-=x)wherem = d—i is slope of the tangent at P (X, y).

. mx-y
Co-ordinates of A ( ,Oj & B (0, y-mXx)
P is the middle point of A & B
mx —y

=2Xx
= mx —y = 2mx
= mx =-y
dy
= dx X=-y
d_X+ d—y e 0
= x y =
= /nx + /ny = /nc
: Xy =¢C
Example : Showthat (4x + 3y + 1) dx + (3x + 2y + 1) dy = O represents a hyperbola having as asymptotes
thelinesx +y=0and2x+y+1=0
Solution. Ax+#3y+1)dx+(B3x+2y+1)dy =0

Axdx + 3 (ydx +xdy) +dx + 2y dy + dy =0
Integrating each term,

22+ 3xXy +x+y?+y+c=0

2x2+ 3xy +y?+ X +y+c=0
which is the equation of hyperbola when x?>ab & A = 0.
Now, combined equation ‘of its asymptotes is -

22+ 3xy + Y2+ x+y +A=0
which is pair of straight lines

A=0
21042, 222 2 2 402 2y
= . S 2 g A - AgE
= A=0
2X2 43Xy +y2+ x+y=0
xX+y)(2x+y)+(x+y)=0
x+y)(2x+y+1)=0
x+y=0 or 2x+y+1=0
Example : The perpendicular from the origin to the tangent at any point on a curve is equal to the abscissa
of the point of contact. Find the equation of the curve satisfying the above condition and
which passes through (1, 1)
Solution. Let P (X, y) be any point on the curve

Equation of tangent at 'P' is -
Y—-y=m(X-X)
MmX-Y+y—-mx=0

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Now,
y —mx
=X
V1+m?
y? + m2x2 — 2mxy = x?(1 + m?)
y?-x* _dy _
2xy dx which is homogeneous equation
Putting y = vx
dy _ dv
dx VX X
dv.  v?-1
V+X o =
dx 2v

dv _vZ-1-2v?
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2v dx
J‘ 2 dv = _ | =
ve+1 X
Mm(vi+1l)=—=/nx+/nc
2

y
—+1| =
X X2 =C
Curve is passing through (1, 1)
c=2
X2+y2-2x=0

xample : Find the nature of the curve for which the length of the normal at a point 'P' is equal to the radius
vector of the point 'P'.
olution. Let the equation of the curve be y = f(x). P(X, y) be any point on the curve.

d
Slope of the tanget at P(X, y) is d_i: =m

w m

Slope of the normal at P is

P(x,y)

O G(x+my,0)
Equation of the normal at ‘P

1
Y—y:—a (X=x)

Co-ordinates of G (x + my, 0)
Now, OP?=PG?
X2 + yz - mzyz ¥ yz

X
=+ =
M=ty
dx y
Taking as the sign
dy X
dx Yy
y.dy=Xx. dx
2 2
y— = X_ + }\‘
2 2
X2 —y2=—2)
X2—y?=c¢ (Rectangular hyperbola)
Again taking as —ve sign
dy %
dx ~ Y
y dy = —x dx
2 2
y_ - X_ + }\"
2 2
X2 + y2 — 2}\‘!
x2+y2=c (circle)
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