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The Point & Straight Line

1. Distance Formula:
The distance between the points A(x,,y,) and B(x,y,) is \/(x1 —x, Py —yo)? .
gollv?_d Example # 1 Find the value of x, if the distance between the points (x, —1) and (3, 2) is 5
olution.

Let P(x,—1) and Q(3, 2) be the given points. Then PQ = 5 (given)
(x=3)2+(-1-2)2 =5 = (x—3)2+9=25 = X=7o0rx=—1 Ans.

Self practice problems :

com

1.
2.
) 2.

4
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A P B Q
Solved Example# 2 Find the coordinates of the point which divides the line segment joining the points (6, 3) and (—

Solution. Let P (x, y) be the required point.

) Ix-3+2x1 1x4+2x-2 1 0
the coordinates of P are 142 1+2 or |3
) 2x-3+1x1 2x4+1x(-2) 5 5
and the coordinates of Q are 541 241 or |73
. . . 1 5
Hence, the points of trisection are (—5, 0) and (—5, 2) Ans.
elf practice problems :
In what ratio does the point (-1, —1) divide the line segment joining the points (4, 4) and
7,7)? Ans. 5:8 externa@/
he three vertices of a parallelogram taken in order are (-1, 0), (3, 1) and (2, 2) respectively. Find the coordinates of the
fourth vertex. Ans. (-2,1)

Show that four points (0, —1), (6, 7) (-2, 3) and (8, 3) are the vertices of a rectangle.
Find the coordinates of the circumcenter of the triangle whose vertices are (8, 6), (8, —2) and (2, —2). Also find its
circumradius. Ans. (5, 2),

Section Formula : If P(x, y) divides the line joining A(x, y,) & B(x, y,) in the ratio m : n, then;

mX,+ NX4 my,+ny, i

= m+n YT m+n s

. m. o .om . . N

NOTE : (i) If — is positive, the division is internal, but if — is negative, the division is external. %
n n ®

(ii) If P divides AB internally in the ratiom : n & Q divides AB externally in the ratio m : n then P & Q are said to be &

harmonic conjugate of each other w.r.t. AB.
Mathematically,

2 1 1 —_—
— j.e. AP, AB & AQ are in H.P. e T

—=—+
AB AP AQ
4, 5) in the ratio 3 : 2 (i) internally and (ii) externally.

3 2

(i) For internal division : A P B
6,3) xy) (4.5

3x-4+2x6 3x5+2x3

X= "3 ady="735

21
orx=0andy=€

So the coordinates of P are (0, %) Ans.
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—_— D —
(ii) For external division A B P
(6.3) (4.5 (. y)
3x—-4-2x6 f 3x5-2x3
X= 3o Y =Tr3p
or x=-24andy =9
So the coordinates of P are (—24, 9) Ans. ©
Solved Example # 3 8—
Sol Find the coordinates of points which trisect the line segment joining (1, — 2) and (- 3, 4). <
olution.
Let A (1, —2) and B(-3, 4) be.the given points. Let the points of trisection be P and Q. Then
A A A
AP =PQ = QB = A (say) A P Q P
(1,-2) (-3,4)

PB = PQ + QB =2\ and AQ = AP + PQ = 2\
= AP:PB=A:2A=1:2andAQ:QB=21:A=2:1
So P divides AB internally in the ratio 1 : 2 while Q divides internally in the ratio 2 : 1

Centroid, Incentre & Excentre:
If A (x,,y,), B(x,Y,), C(x,,y,) are the vertices of triangle ABC, whose sides BC, CA, AB are of lengths
a, b, ¢ respectively, then the co-ordinates of the special points of triangle ABC are as follows :
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Xi+Xo+X3 Yy+Yo+Yy
CentroidGE( ! 32 3,4 32 3)
axq+bx,+Cx5 ayq+by,+cys —axy +bx, +Cx3 —ay,+by,+cys
Incentre | = atbtic | a+b+c ,and Excentre (toA) I, = _a+tb+c | —a+b+c and so on.
NOTE :
i) Incentre divides the angle bisectors in the ratio, $b+c) ra;(c+a):b&(a+b):c. ) )
in Incentre and excentre are harmonic conjugate of each other w.r.t. the angle bisector on which they lie.
iir) Orthocenter, Centroid & Circumcenter are always collinear & centroid divides the line joining orthocentre &
circumcenter in the ratio 2 : 1.
(iv) In an isosceles triangle G, O, I & C lie on the same line and in an equilateral triangle, all these four points
coincide.

Sol. Ex. 4 Find the coordinates of (i) centroid (ii) in-centre of the triangle whose vertices are (0, 6), (8, 12) and (8, 0).
Solution () We know that the coordinates of the centroid of a triangle whose angular points are (x,, y,), (X, Y,)

(X, ¥) are

X1t Xp+X3 YitYo+ys
3 ’ 3
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Self practice problems :
Two vertices of a triangle are (3, —5) and (-7, 4). If the centroid is (2, —1), find the third vertex. Ans.(10, —2)
Find the coordinates of the centre of the circle inscribed in a triangle whose vertices are

Solved Example # 5: If the coordinates of two points A and B are (3, 4) and (5, —2) respectively. Find the coordinates

Solution

?elf practlce problems

Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

) ) ) . 0+8+8 6+12+0
So the coordinates of the centroid of a triangle whose vertices are (0, 6), (8, 12) and (8, 0) are 3 3 Jor

16
—6 Ans.

3
Let A (0, 6), B (8, 12) and C(8, ) be the vertices of triangle ABC.
Thenc=AB = /(0-8)2+(6-12)2 =10,b=CA= /(0-8)2+(6-0)% =10

and a=BC=,(8-8)2+(12-0)% =12.

axq +bx, +cx; ay; +by, +cy
The coordinates of the in-centre are ( ! 2 . ! 2 8

a+b+c a+b+c
12x0+10x8+10x8 12x6+10x12+10x0
or ( 12+10+10 ' 12+10+10 J
160 192
or (32 32] or(5,6) Ans.

page 3 of 24

(—36,7), (20, 7) ar_ld (0,—8) Ans. (-1,0)

Area of a Triangle:

It A(x,,y,), B(X, ¥,), C(x,,Y,) are the vertices of triangle ABC, then its area is equal to
Xy oy 1

AABC = 2 Xo Yo 1|, provided the vertices are considered in the counter clockwise sense. The above formula will give
X3 Yz 1

a (—) ve area if the vertices (x,y),i=1,2, 3 are placed in the clockwise sense.

NOTE : Area of n-sided polygon formed by points (X, ¥,) ; (X, Y,); -eeeve- (x, Y, is given by
1 [X‘ X2 + X2 Xa F e e ot Xn) P X1
2|y1 Yo| [Y2 Vs Yot Yol [¥Yn Y4

of any point P if PA = PB and Area of APAB = 10.

Let the coordinates of P be (x, IY-’) Then
PA = PB = PAZ = PB2 = (X—3)2+ (y—4)° = (x—5)2 + (y + 2)2
= x=8y—-1=0
Xy 1
3 4.1

Now, Area of APAB =10 = > =x10=>6x+2y—-26=+20

5 =21
= 6x +2y—46=0 or 6x+2y—-6=0
= 3x+y—-23=0 oo 3x+y—-3=0
Solvingix =3y — 1 0 and 3x +y — 2 0 we. get 2. . Solving x — 3y — 1
3x+y—-3=0, we getx_1 y = 0. Thus, the coordlnates of P are (7 2) or (1 0) Ans.

Il
o
5
o
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The area of a triangle is 5. Twowof its vertices are (2, 1) and (3, —2). The third vertex lies on=

7 13 338 (D

y = x + 3. Find the third vertex. Ans. Py 2% X

8. The vertices of a quadrilateral are (6, 3), (-3, 5), (4 —2) and (x, 3x) and are denoted by A, B, C and‘:C
D, respectively. Find the values of x so that the area of trlangle ABC is double the area of triangle DBC. %)

A n o3 T

ns. x=-g or—g 2

5. Slope Formula: N
If O is the angle at which a straight line is inclined to the positive direction of x—axis, &Cﬁ

0°< 0 <180°, 8 # 90°, then the slope of the line, denoted by m, is defined by m =tan 0. If 6 is 90°, m does not exist, but o

the line is parallel to the y—axis. If & = 0, then m = 0 & the line is parallel to theg

X-axis. S
IfA(x,, ) & B (x,, ¥,), X, # X,, are points on a straight line, then the slope m of the line is given by (D
Yi—Yo 2

M=1x-x, ©
Solved Example # 6: What is the slope of a line whose inclination is : ;
(i) 02 (i) 90 (iii) 1202 (iv) 150¢ 19
Solution g) Here 6=0° o
lope=tan 6 =tan 02 =0 Ans. a

(ii) Heree 90° =

The slope of line is not defined  Ans. O

(i) Here®=120° g
Slope = tan 6 = tan 120° = tan (180° — 60%) = —tan 30° = — V3 Ans. ﬁ

(iv) Here 6 = 150°
1
Slope = tan 6 = tan 150° = tan (180° — 30%) = —tan 30° = — \/5 Ans.

Solved Example # 7 : Find the slope of the line passing through the points :

(i) (1,6)and (-4, 2) (ii) (5, 9) and (2, 9
Solution
(i) Let A=(1,6)andB=(-4,-2)
2-6 —4 4 : Yo~ Y4
== - - — = = . Using slope = —=—
Slope of AB 2 1-5°5 Ans [ g slop Xg—XJ
(ii) Let A=(5,9),B=(2,9)
S f AB 9-9 _ 0 0 A
ope of =5_5-_.3° ns.
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Self practlce problems :

Find the value of x, if the slope of the line joining (1, 5) and (x, -=7)is 4. Ans. -2
10. What is the inclination of a line whose slope is
(i) 1 (iii) —1 (iv) —1/43

) 0
f&)ns. (iy0°, (i) 452, (iii) 1352, (iv) 1502

6. Condition of collinearity of three points:
Points A (x,, v,), B(x,, ¥,), C(x,, y,) are collinear if

respectively.
Solved Example # 13: Find the equation of the line which passes through the point (3, 4) and the sum of its lntercepts_z
on the axes is 14. [}
y

X
Sol.  Let the equation of the line be ath " 1 ()}

Xpoyp 1
. L Y1TYe Y2—Y3 " C o Ix 1
(i) Mg = My = Mg, |.e.[x _XJ = [x _XJ (ii) AABC =0ie. x23 zz | = 0
(iii) AC =AB + BCor AB ~ BC (V) A divides the line segment BC in some ratio.
& Solved Example # 8 Show that the points (1, 1), (2, 3) and (3, 5) are collinear.
O Solution.
o Let (1, 1) (2, 3) and (3, 5) be the coordinates of the points A, B and C respectively.
(@) 3-1 5-3 -
© Slope of AB = —— = 2 and Slope of BC = =2 N
R 2-1 3-2 o~
S Slope of AB = slope of AC <
() : AB & BC are parallel A, B, C are coallinear because B is on both lines AB and BC. =
. Self practlce problem : %
o 11 s
CSD 1. Prove that the points (a, 0), (0, b) and (1, 1) are collinear if atb " 1
< 7- Equation of a Straight Line in various forms.
= (i) Point - Slope form y—y,=m (x—Xx,) is the equation of a straight line whose slope is m & which passes throughg
. the pomt X
Solved Example # 9 : F<|nd the equation of a line passing through (2, -3) and inclined at an angle of 135° with theo
positive direction of x-axis. ™
Solution. %
Here, m = slope of the line = tan 135° = tan (90° +45% =—cot45% =1, x,=2,y, == o
o3 So the equation of the line isy —y, = m (x - x,) o
= y—(—3)=—1(x 2)ory+3=—x+2orx+y+1_0 Ans.
o Self practlce problem : o
o 12 Find the equation of the perpendicular bisector of the line segment joining the points A(2, 3) andn
5 B (6, -5). Ans. x-2y-6-= Ny
@ (ii) Slope — intercept form : y = mx + c is the equation.of a straight line whose slope is m & which makes anq,
n intercept ¢ on the'y—axis. 8
() Solved Example # 10: Find the equation of a line with slope —1 and cutting off an intercept-of 4 units.on negative(,,J
v direction of y-axis. S
(O Solution. Here m = —1 and ¢’= — 4. So, the equation of the lineisy = mx + ci.ecy=—-x—4orx+y +4=0 Ans. o
O Self practice problem : ©
X 13. Find the equation of a straight line which cuts off an intercept of Iength 3.0n y-axis and is parallel to the line joining the o
Ii) points (3, —2) and (1, 4). Ans. 3x+y-— S
. YoV <
(i) Two point form: y—vy, = Xz— Xl (x —x,) is the equation of a straight line which passes through the points (x,,0-
Yo, & (% V) . - , T
gollwte_d Example # 11 Find the equation of the line joining the points (- 1, 3) and (4, — 2) a
. . Solution. o
() Here the two points are (x,, y,) = (-1, 3) and'(x,, y,)'= (4,-2). é
"(% So, the equation of the line in ' two- pomt form is -
3-(=2 =
8 y—-3= _(_)(x+1):y—3=—x—1:x+y—2=0 Ans. 2]
= Self practice problem : X
= 14, Find the equations of the sides of the triangle whose vertices are (-1, 8), (4, —2) and (-5, —3). Also find the equation of thep?
median through (-1, 8 .
e Ans. 2x+y-6=0,x—-9y-22=0,11x-4y +43=0,21x+y +13=0 n
-
o x y 1 g
% (iv) Determinant form : Equation of line passing through (x,, y,) and (x,, y,) is |X; y; 1/=0 E
X Xz Yo 1 X
O Solved Example # 12 oc
© Find the equation of line passing through (2, 4) & (-1, 3). g
O solution. c
Z [xv 2
- 2 4 1 "
+= =0 x-3y+10=0 Ans. 24
2 -1 3 1 - v £
O Self practice problem : s
® 15, Find the equation of the passing through (- 2, 3) & (- 1, —1). -
£C> Ans. 4x+y+5=0 o
%)
X
% (v) Intercept form : £+% = 1 is the equation of a straight line which makes intercepts a & b on OX & OYC_UJU
O
o
LLl
LLl
o
L

3 4
This passes through (3, 4), therefore atb " 1 L. (i)

3
ltis giventhata + b=14 = b =14 — a. Putting b = 14 —ain (ii), we get at

=>a-13a+42=0

= (a-7)(a—6)=0=>a=

Fora=7,b=14-7=7 andfora =

Putting the values of a and b in (i), w
Xy y

?+?:1andg+§:1 or X+y=7and4x + 3y =24 Ans.

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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7,6
a=6,b=14-6=8.
e get the equations of the lines
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Self practice problem :
6. Find the equation of the line through (2, 3) so that the segment of the line intercepted between the axes is bisected at this
point. Ans. 3x+ 2y =12
(vi) Perpendicular/Normal form : xcos 0 + ysin A =p (where p >0, 0 < O < 2T) is the equation of the straight
line where the length of the perpendicular from the origin O on the line is p and this perpendicular makes an angle
o with positive x—axis.
Solved Example # 14: Find the equation of the line which is at a distance 3 from the origin and the perpendicular from
the origin to the line makes an angle of 302 with the positive direction of the x-axis.

Solution. Here p=3, a=230°

. Equation of the line in the normal form is

- By
xc0330-+ysm30-=30rx7+2:30rJ§x+y=6 Ans.

Self practice problem :
17. The length of the perpendicular from the origin to a line is 7 and the line makes an angle of 150° with the positive direction

of y-axis. Find the equation of the line. Ans. 3x+ y—-14=0

X=Xy _ Y=V
(vii) Parametric form : P (1) = (x, y) = (x, + rcos 0, y, + rsin 8) or —__~ cosB  sing = = ris the equation of the line inQ}

parametric form, where ‘r’ is the parameter whose absolute value is the distance of any point (x, y) on the I|ne
from the fixed pomt (x,, y,) on the line.

Solved Example # 15: Find the equatlon of the line through the point A(2, 3) and maklng an angle of 45° with the
x-axis. Also determine the length of intercept on it between A and the linex+y +1=0
Solution. The equation of a line through A and making an angle of 45° with the x-axis is
X—2 y-3 x—2 y-3 120
cos45° ~ sinase ' 1T 1 or X—y+1=
2 2
Suppose this line meets the line x + y + 1 = 0 at P such that AP =r. Then the coordinates of P are given by
x-2 y-3 2 45°y = 3 + r sin 45°
c0sd52 = sinase == X=2+rcos 45 y=3+rsin
r r
= X=2 + T y=3+ T
Thus, the coordinates of P are ( -3 +J

Since Pliesonx+y+1=0,s02 + \/* +3 + \/* +1=0

= J2r =—6=r==842" = length AP=|r|=34/2

Thus, the length of the intercept = 3.2 _Ans.
Self practice problem :

18. Astraight line is'drawn through the/point A(Jg 2) making an angle of ©/6 with positive direction of the x‘axis. If it meets
the straight line /3x — 4y +8 = 0 in B, find the distance between A and B..  Ans. 6.units

(viii) General Form : ax + by + ¢ = 0 is the equation.of a straight line'in the general form

a
In this case, slope of line = — b
) c
- intercept = — a
) c
y - intercept = — b
Solved Example # 16 Find slope, x-intercept & y-intercept of the line 2x — 3y +5 = 0.
Solution. Here,a=2,b=-3,c =5
2
slope = — b=3 Ans.
int t ¢ 3 Al
x-intercept = - =- 3 ns.
) 5
y-intercept = 3 Ans.
Self practice problem :
3 8 8
19. Find the slope, x-intercept & y-intercept of the line 3x —5y — 8 = 0. Ans 5375

8. Angle between two straight lines in terms of their slopes:
If m, & m, are the slopes of two intersecting straight lines (m, m,# —1) & 0 is the acute angle between them, then tan©
= [M—mp
- 1+mqm, '
NOTE :

Let m,, m,, m_are the slopes of three lines L, = 0;L, = 0;L, =0 where m, > m, > m_ then the interior angles of the AABC
found' by fhese lines are given by,

—
=

tanAzu;tanBzw &tanczu
1+mym, +momg 1+msmy
The equation of lines passing through point (x,, y,) and making angle o with the line
y = mx + C are given by :
(y— y)—tan O—-0o) (x—x,) &
(y—vy,) =tan (0 + o) (x x1) where tan 6 = m.
Solved Example # 171 The acute angle between two lines is 7/4 and slope of one of them is 1/2. Find the slope of the

—
=

other line.
Solution.
. . my—m,
If 6 be the acute angle between the lines with slopes m, and m,, then tan 6 = m

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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Self practlce problem :
20.

mq—Mm,
Sol. Ex. 19: Find the equation of the straight line that has y-intercept 4 and is parallel to the straight line
2x—=3y=7.
Solution. Given lineis 2x -3y = 7
2 7
M = Jy=2x-7=> y= 3 X-3 - Slope of (1) is 2/3

Solved Example # 20: Two sides of a square lie onthe linesx + y=1and x +y + 2 = 0. What is its area?

Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

T 1
Let G:Zandm1:§
1
2 1-2m, 1-2m
tanz=1 T, = 1= 2+m, = orm =+1o0r—-1
1-2m, 1 1-2m,
Now 72+m2 =1 :mzz—g and 2+m, =-—1 = m, = 3.

The slope of the other line is either —1/30or3  Ans.

Solved Example # 18: Find the equation of the straight line which passes through the origin and making angle 602
with the line x + \/§y +343 =0.

- Solution. Given lineis x + Y3y + 343 =o0.

[ 1 J 3 Sl f (1) 1 E
= y=|""T4| x- ope of =— 7. =
Let slope of the required line be m. Also between these lines is given to be 60°. o

o))
m—(—1/\/§) 5 J3m+1 J3m+1 J3 8
2 = = =+
= tan 60 *(—)1+m EBTNC) B Boml = fam =%
V3m+1 1
J3-m =—\@ = \@m+1=3—\@m:> m = 73
Using y = mx + ¢, the equation of the required line is
1
y = E x+0 ie x—+3 y =0. (- This passes through origin, so ¢ = 0)
\/gm +1
=—\/§ = \/§m+1=—3+\/§m
V3-m
= m is not defined
: 'I;]he slope of the required line is not defined. Thus, the required line is a vertical line. This line is to pass through
the origin.

The equatlon of the-required line is x = 0 Ans.

A vertex of an eqwlateral triangle is (2, 3) and the equation of the opposite side is x + y = 2. Find the equation-of the other

sides of the triangle: Ans: 2+fx—y+2\@—1=Oand(2+\/§)x—y—2\/§—1=

Parallel Lines:
(i) When two straight lines are parallel their slopes are equal. Thus any line parallel to
y= mx + C is of the type y ='mx + d, where k is a parameter.

a b c
(ii) Twodines ‘ax + by + ¢ = 0'and ax+b’y + ¢’ = 0 are parallel if = Y # oz
Thus any line parallel to ax'+ by + ¢ = 0 is.of the type ax + by + k = 0,'where k is a parameter.
(iii) The distance between two parallel' lines with’ equations ax + by + ¢, =0 &
)

ax+by+c,=0is kﬁ
2,2
a“+b

NOTE: Coefficients of x & y.in-both the equations must be same.

R. K. Sir), Bhopal, Phone : 0903903 7779, 098930 58881

i PP
(iv) The area of the parallelogram = Sing

angle between any two adjacent sides. Note that area of the parallelogram bounded by the lines y = m x + ¢, yv
(c41=C5)(d1—dp)

where p, & p, are distances between two pairs of opposite sides & 0 is the

=mx+c,andy=myx+d y=myx+d,is given by

The required line is parallel to (1), so its slope is also 2/3, y-intercept of required line = 4
. By using y = mx + ¢ form, the equation of the requwed line is

2
y=73 X+4o0r2x -3y +12 = 0Ans.

Teko Classes, Maths : Suhag R. Kariya

Solution. CIearIy the length of the side of the square is equal to the distance between the parallel lines
1_0 ........ (i) and X+y+2=0 ... (ii)
Puttm%x = 0 in (i), we gety = 1. So (0, 1) is a point on line (i).
Now, Distance between the parallel lines
|0+1+2] 3

= length of the L f 1 2=0= = 7=

ength of the L from (0, 1) tox +y + 0 22 N

3 3V o9

Thus, the length of the side of the square is E and hence its area = L/E] =5

Solved Example # 21: Find the area of the parallelogram whose sides are x + 2y + 3=0,3x+4y -5=0,

Solution.

2x+4y+5=0and3x +4y -10=0

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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3 5 10 5 1 3
Here, Ci==5 =5 d1=?,d2:—§,m1=—§,m2=—z
3 5)(10 5
A 2 2){3 2 70 s A
rea = [_l+§) = 3 S9-units Ans.
2 4

Self practice problem :

21.

10.

Solved Example # 22

Solutlon

>
=
~
o

Self practice problem :
22,

£V
e

Solved Example # 23

Solution.

gglf practlce problems :

N
ol

12.

Solved Example # 24

Solution. Let the line x + y = 5 divides AB in the ratiok : 1 at P

Aliter Let the ratiois m: n

gelf practice problem :

13.

Find the area of parallelogram whose sides are given by 4x— 5y + 1 =0, x—3y -6 =0,
51
4x—-5y—2=0and 2x-6y+5=0 Ans. sq. units

14
Perpendicular Lines:
(i) When two lines of slopes m, & m, are at right angles, the product of their slopes is —1,
i.e. m m,=~1. Thus any line perpendicular to y = mx + ¢ is of the form

1
y= —; x + d, where d is any parameter.

(ii) Two lines ax + by + ¢ =0 and a'x + b’y + ¢’ = 0 are perpendicular if aa’ + bb” = 0. Thus any line perpendicular to
ax + by + ¢ = 0 is of the form bx — ay + k = 0, where k is any parameter.
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Flnd the equation of the straight line that passes through the point (3, 4) and perpendicular to the line 3x + 2y

The equation of a line perpendlcular to3x+2y +5=0is
2x-8y+A=0 (i)
Thls passes through the pomt (3 4)
3x2-3x4+A=
Puttlng A =6in (i), we get 2x 3y + 6 0, which is the required equation. Ans.
The slope of the given line is —3/2. Since the required line is perpendicular to the given line. So, the slope of the required
2
line is 2/3. As it passes through (3, 4). So, its equation is y — 4 = 3 (x = 3) or

2x -3y +6 =0 Ans.

The vertices of atrlangle are A(10, 4), B (—4, 9) and C(-2, —1). Find the equation of its altitudes. Also find its orthocentre.
Ans. x-5y+10=0,12x+ 5y +3 =0, 14x—5y + 23=0, (—1,%)
Position of the point (x,, y,) relative of the line ax + by + c. = O:

If ax, + by, + ¢ is of the same sign as c, then the point (x,, yl) lie on the origin side of ax+ by + ¢ = 0. Butiif the sign of ax

+ by + C_4s opposite to that of..c, the point (x,, y;). will die on the /non—origin side ot
ax+by+c_0

In general two points (x, ¥,) and (x,/'y,) willlie:on same side or opposite side of ax + by + ¢ = 0 according as ax, + by
+C and ax, + by, + ¢ aré of same Or opposite sign respectively.

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal, Phone : 0903 903 7779, 098930 58881

Show that (1, 4) and (0, —3) lie on the opposite sides of the line x+ 3y + 7 = 0.

AtE ), the value of x + 3y + 7 =1 + 3(4) + 7 = 20> 0.
TLthevalueofx+3y+7 0+3(-3)+7=-=2<0
e points (1, 4) and (0, — 3).are on the opposite sides of the given line. Ans.

Are the points (3, =4) and (2, 6) on the same or opposite side of the line 3x — 4y = 8 ?

Ans.  Opposite sides

Which oRe of the( poings (1, 1), (-1, 2) and (2, 3) lies on the side of the line 4x + 3y — 5 = 0 on which the origin lies?
ns. (1,2

The ratio in which a given line divides the line segment joining two points:

m_ axytbyst+c

n axpo+bys+c

If A& B are on the same side of the given line then m/n is negative but if A & B are on opposite sides of the given line, then
m/n is positive

Let the given line ax+ by + ¢ = 0 divide the line segment joining A(x,, y,) & B(x,, y,) in the ratio m : n, then

Find tI15e roatio in which the line joining the points A (1, 2) and B(- 3, 4) is divided by the line
+y—-0=0.
coordinate of P are
—-3k+1 4k +2
k+1 * k+1
Since Pliesonx+y—-5=0
-3k+1  4k+2 5.0 K - 1
K+l k+l D = T2
Required ratio is 1 : 2 extrenally Ans.

m (1x1+1x2-5) 1

n T TIx(B)+1x4-5 =" 3 ratio is 1 : 2 externally Ans.

If the line 2x — 3y + A = 0 divides the line joining the points A (- 1, 2) & B(— 3, — 3) internally in the ratio 2 : 3, find A.
18
Ans. 5

Length of perpendicular from a point on a line:

. . |ax; + by, +¢c
The length of perpendicular from P(x,, y,) onax+ by + c =0'is S,
a“+b

Solved Example # 25 Find the distance between the line 12x — 5y + 9 = 0 and the point (2, 1)

12x2— 5><1+9‘ | 24 — 5+9| 28

Solution The required distance = 13 =7, Ans.
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Solved Example # 26
Find all points on x + y = 4 that lie at a unit distance from the line 4x + 3y — 10 = 0.

Solution. Note that the coordinates of an arbitrary point on x + y = 4 can be obtained by putting x =t (or y = t) and then obtaining
y (or x) from the equation of the line, where t is a parameter.
Putting x =t in the equation x + y = 4 of the given line, we obtain(i/ =4 —1t. So, coordinates of an arbitrary point on the given
line are P(t, 4 —t). Let P(1, 4 —t) be the required point. Then, distance of P from the line 4x + 3y — 10 = 0 is unity I.e.

4t+3(4-1)-10

= \/m =1=t+2[=5=>t+2=1%5
= t=—7o0rt=3 Hence, required points are (-7, 11) and (3, 1) Ans.

Self practice problem :
26. Find the length of the altitudes from the vertices of the triangle with vertices :(—1, 1), (5, 2) and (3, —1).

16 8 16
Ans. \/ﬁ’ \/g, \/37
Reflection of a point about a line:

[N
P

X=Xy _ Y=Yy _ _ axqtbyq+c
a b a?4p?
(if) The image of a point (x, y,) about the line ax + by + c =0 is
X=X1_Y=Y1__ 58X4 +by ,+C
a b a®+b?
Solved Example # 27 Find the foot of perpendicular of the line drawn from P (— 3, 5) on the line x—y +2 = 0.

Solution.
Slope of PM = — 1

(i) Foot of the perpendicular from a point on the line is

P(-3, 5)

M x-y+2=0
Equation of PM is

X+y-2=0 .. (i)
solving equation (i) with x —y + 2 = 0, we get coordinates of M (0, 2) Ans.
. x+3 y-5 (1x(=8) +(-1)x5+2)
Aliter Here, 1 T _1.°= ()2 +(~1)2
x+3 y-5

=3 = XxX+3=3 = x=0
and y—-5=-3 = y =2

1 -1

Mis (0, 2) Ans.
Solved Example # 28
Find the image of the point P(—1, 2)’in the line mirror 2x — 3y +4 = 0.

Solution. Let image of P is Q
iP(-1.2)
2x—-3y+4=0
A M; B
gQ(h,k)
PM = MQ & PQ L AB
Let Qis (h, k
_(h-1 k+2
. M is 5 o
It lieson2x —3y + 4 =0.
h-1 k+2
2 |75 J-8| 5 |+4=0.
or 2h-3k=0 .. (i)
k-2
sIopeofPQ:T
PQ L AB
k—2 2
e _1 x 3 =— 1.
= 3h+2k—1_ ......... (ii)
soving (i) & (ii), we get
h 3 k 2
T 13°7 713
Image of P(—1,2)is Q 33 Ans
9 13’13 )
Aliter The image of P (— 1, 2) about the line2x -3y + 4 =0s
x+1 y-2 _[2-1)-3(2)+4]
2 T -3 7 22 1 (-3)?
x+1_y-2 8
2 =~ -3 13
13x + 13 =16 2
= X + = = X = 13
& 13y —26=—-24 = —3 : image is 3.2 Ans
y —<o= Y=13 " 9 13713 '

Self practice problems :

-23 -41
27. Find the foot of perpendicular of the line drawn from (-2, — 3) on the line 3x -2y — 1 =0. Ans. (? WJ

28. Find the image of the point (1, 2) in y-axis. Ans. (-1,2)

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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Bisectors of the angles between two lines:
Equations of the bisectors of angles between the lines ax +by +c =0 &

ax+by+c’
ax+b’y+c =0 (ab" # ab)are: axtby+c —iiy

,Ia +b2 - a’2+b’2
NOTE :

Equatlon of straight lines passing throu g[; ) & equally inclined with the lines a,x + b.y =0 &
+ Cﬁ§ 0 are those which are parallel to the 1blsectors between these two lines & passing through the pomt P.
xam e #
Find t e equations of the bisectors of the angle between the straight lines
3x-4y+7=0and12x-5y-8=0

Solution.

3x—-4y+7
The equations of the bisectors of the angles between 3x —4y + 7=0and 12x—-5y -8 =0 are 73 > (y e =
+ —_—

12x -5y -8
122 +(-5)2
3x—4y+7 12x—5y—8
or ==
or 39x — 52y+91 =+(60x 25y—18)
Taking the positive sign, we get 21 x + 27 y — 131 = 0 as one bisector Ans.
Taking the negatlve sign, we get 99 x - 77 y + 51 = 0 as the other bisector. Ans.

page 9 of 24

Self practice problem :
29,

RV
&

Solved

Solution.

(i)

(ii)

Find the equations of the bisectors of the angles between the following pairs of straight lines@
3x+4y+13=0and 12x-5y +32=0
Ans. 21x—77y—9=0and 99x + 27y + 329 =0

Methods to discriminate between the acute angle bisector & the obtuse angleQ

bisector:
(i) If T be thT angle between one of the lines & one of the bisectors, find tan 6.

58881

tan O | < 1, then 2 6 < 90° so that this bisector is the acute angle bisector.

tan 0| > 1 then we get the bisector to be the obtuse angle bisector.
(ii) Let L, & L, = 0 are the given lines & u, = 0 and u, = 0 are the bisectors between L, =
L,= 0! Take apoint P on any one of the lines L, =0 or L,=0and drop perpendicularon u, =0 & u,=0as sho

I,

.390
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p| < |a| = ugis'theacute angle bisector.
p| > |a| = u,is the obtuse angle bisector.
pl=1ql = the lines L, & L, are perpendicular.

(iii) If aa” + bb’< 0, thenthe equatlon of the bisector of this acute-angle is
ax+by+c ax+by+c

=+ e
’a2+b2 a/2+b/2

If, however, aa” + bb” > 0, the equation of the bisector of the obtuse angle is :

ax+by+c a’x+b'y+c

=+
[a2+b2 [a/2+b/2

Example # 30

For the straight lines 4x + 3y — 6 = 0 and 5x + 12y +9 = 0, find the equation of the

i) bisector of the obtuse angle between them;
ii) bisector of the acute angle between them;

The equations of the given straight lines are
4x+3y-6=0 . E1
5x+12y+9=0 ... 2

The equation of the bisectors of the angles between lines (1) and (2) are

4x+3y-6 SX+12y+9  4x+3y-6 5x+12y +9
2 o2 =% 2 402 OF =%
V4% 43 V52 112 5 13
Taking the positive sign, we have
4x+3y—-6  5x+12y+9

5 B 13
or 52x + 39y — 78 = 25x + 60y + 45 0or 27x — 21y — 123 =0
or IX—7y—41 =
Taking the negative sign, we have
4x+3y-6 5x+12y +9

5 B 13
or 52x + 39y — 78 = -25x — 60y —45 or 77x + 99y — 33 =0
or 7X+9y—-3=0
Hence the equation of the bisectors are

ad ey -0 -

4 9
Now slope of line (1) = — 3 and slope of the bisector (3) = 7
If 8 be the acute angle between the line (1) and the bisector (3), then

9
-t 27+28‘ ‘55
_7 3 |_ _ ==
tan 0 = 9[ 4] _‘21_36 1
1+ ——
70 3
0> 45°

Rence 9x — 7y — 41 = 0 is the bisector of the obtuse angle between the given lines (1) and (2)
ns

Since 9x — 7y — 41 is the bisector of the obtuse angle between the given lines, therefore the other bisector 7x + 9y — 3 =
0 will be the bisector of the acute angle between the given lines.

2nd Method :

Writing the equation of the lines so that constants become positive we have
-4x-3y+6=0 .. (1)

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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and 5x+12y+9=0 . 2)

Here a =-4,a,=5,b =-3,b,=12

Now a,a, '+ bb, = =20 — 36 =-56'< 0
. origin does not fie in the obtuse angle between lines (1) and (2) and hence equation of the bisector of the obtuse
angle between lines (1) and (2) will be

—-4x-3y+6 5x+12y +9
Va7 +(-32 =7 5?4122
or 13(—4x — 3y + 6) = —5(5x + 12y + 9)
or 27x—-21y—123=00r9x -7y —41=0 Ans.
and the equation of the bisector of the acute angle will be (origin lies in the acute angle)

—4x-3y+6 5x+12y +9

Y42 +(3)° = 524127

£
(e) or 77x+ 99y -33 =0 or 7x+9y-3=0 Ans.
(&)
o Self practice problem : -
a
(;U 30. Find the equations of the bisectors of the angles between the lines x + y — 3 = 0 and%g
7x —y + 5 = 0 and state which of them bisects the acute angle between the lines. =
Ans.  x-3y+ 10 = 0 (bisector of the obtuse angle); 4x + 1 = 0 (bisector of the acute angle) ;
17. To discriminate between the bisector of the angle containing a point: <

e from website: www.TekoClasses.com & www.MathsBySu
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Solved
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Self pr
32. P

19.

Solution.

To discriminate between the bisector of the angle containing the origin & that of the angle not containing the origin.
Rewrite the equations, ax + by + ¢ =0 & a'x + b’y + ¢ = 0 such that the constant terms c, ¢” are positive. Then ;

ax+by+c a’x+b'y+c¢ ax+by+c

=+ gives the equation of the bisector of the angle containing the origin &
Jat+b? Ja?+b? JaZ+b?
a’x+b'y+c¢ | ) . - - .
—ﬁ gives the equation of the bisector of the angle not containing the origin. In general equation of the
a’“+b’

’

09039037779, 098930 58881

bisector which contains the point (0t B) is,
ax+by+c a’x+by+c¢ ax+by+c a’x+by+c

= or =— according as
JaZ + b2 Va2 +b? JaZ + b2 \a? + b2

ad+b P +canda’ o +b P+ c” having same sign or otherwise.

Solved Example # 31
For the straight lines 4x + 3y — 6 = 0 and 5x + 12y + 9 = 0, find the equation of the bisector of the angle which ..
contains the origin. o)
Solution. S
For'point O(0, 0);4x + 3y —6=-6<0 and5x+ 12y +9=9>0 <=
Hence for point O(0, 0) 4x + 3y — 6 and 5x +.12y + 9 are of opposite signs. o
Hence-equation of the bisector of the angle between the given lines containing the origin will be -
4x+3y -6 5X+12y +9 g
-— )
V@2 + 37 =7 Vg2 4122 £
4x+3y—-6 5x+12y +9 P
o 5 77 13 &
or 52x + 39y — 78 = —25x — 60y — 45. B
or 77x + 99y —33=0 X
or 7x+9y-3=0 Ans. o
Self practice problem : .
31. Find the equation of the bisector of the angle between the lines x + 2y — 11 = 0 and¥)

3x — 6y — 5 = 0 which contains the point (1, — 3). ns. 3x-19=0
Condition of Concurrency:
Threelines ax + b,y + ¢, =0, ax+ by + ¢,=0 & ax + by + ¢c,= 0 are concurrent if
a, b ¢
a, b, ¢, =o0.
a; by ¢
Alternatively : If three constants A, B & C (not all zero) can be found such that
A(ax+by+c)+B(ax+by+c)+ Clax+b,y +c,) =0, then the three straight lines are concurrent.

Example # 32
Prove that the straight lines 4x + 7y =9, 5x -8y + 15 =0and 9x -y + 6 = 0 are concurrent.

Teko Classes, Maths : Suhag R. Kariya

Given lines are
4x+7y-9=0 . (1
5x-8 +15=0 . 52;
and 9x-y+6=0 L. 3
4 7 -9
A= Z ‘:3 165 = 4(~48 + 15) = 7 (30 — 135) — 9 (= 5 + 72) = —132 + 735 — 603 = 0
Hence lines (1), (2) and (3) are concurrent. Proved

actice problem :

iind the4va|ue of msothat the lines 3x +y +2=0, 2x—y + 3 =0 and x + my — 3 = 0 may be concurrent.
ns.
Family Of Straight Lines:
The equation of a family of straight lines passing through the point of intersection of the lines,
L, =ax+by+c=0& L,=ax+by+c,=0isgivenbylL +kL,=0 ie.
(@ax+by+c)+k(@ax+by+c,)= (i where K is an arbitrary real number.
D U3—0 c
)
K 2
Ny S

o

9
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NOTE :
U]

(ii)

If u, _ax+by+c u,=ax+by+d, u =ax+by+c,

u=ax +by+ a’

then u, = 0;u, = 0; u, =0 ; u, =0 form a parallelogram.

The d|agonaIZBD can be glven by u,u, —u,u, =0.

The diagonal AC is also given by u, + 7&u ='0 and

u, + U, = 0, if the two equations are |dent|cal for some real A and H.

[For gettlng the values of A & WL compare the coefficients of x, y & the constant terms].
Solved Examﬁle # 33

Find t

e equation of the stralght IIn%whlch passes through the point (2, —3) and the point of intersection of the

linesx+y+4=0and3x-y-8=
Solution. Any Ime through the intersection of the lines x + y + 4 = 0 and 3x — y — 8 =0 has the equation

or

>
=
P~
5

Solution.

or

(i)

W)
NOTE :

v)

origin.
Solution.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Solving the equations x + y + 4 = 0 and 3x — y — 8 = 0 by cross-multiplication, we get x = 1,

its equation is

Let m be the slope of this line. Then m =

51 +3
As the line is equally inclined with the axes, therefore
2L +4 1
m=tan45°of m=tan 1352 = m = #1, 5013 =t1=>A=-1o0r 3 putting the values of A in (i), we get 2x + 2y — 4
=0and 14x—-14y =0
i.e. x + y—2 =0 and x = y as the equations of the required lines. Ans.
Self practice problem :
33. Find the equation of the lines through the point of intersection of the lines x>="3y*+.1 = 0 and
2x + 5y — 9 = 0 and whose distance from the origin is f Ans. 2x+y=5=0

20. A Pair of straight lines through origin:

Solved Example # 35
Show that the equation 6x* — 5xy + y? = 0 represents a pair of distinct straight lines, each passing through the

x+y+4) +A(3x-y-8=0 ... (i)

This will 2ass through (2,-3) if

3+4)+1(6+3-8)=00r3+1 =0= A=-3.

Putting the value of A in (i), the required line is

(x+y+4)+(=3)(3x—-y—-8)=0
-8x+4y +28=00r2x-y-7=0 Ans.

y = —
So the two lines intersect at the point (1, —5). Hence the required line passes through (2, -3) and (1, —5) and so

5+3
1-2
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y+3=- (x—2)or2x—y -7 =0Ans.

Solved Example # 34
Obtain the equations of the lines passing through the intersection of lines 4x - 3y — 1 = 0 and
2x — 5y + 3 = 0 and equally inclined to the axes.

The equation of any line through the intersection of the given lines is
(4x—-3y—1)+A(2x=5y +3) =0
X(2A+4)-y(BA+3)+3A-1=0 .. (i)

2h+4

A homogeneous equatlon of degree two,
"ax2+ 2hxy + by2 = 0" always represents a-pair of straight lines passing through the origin if :

@ h2>ab = lines are real & distinct .
(b) h2=ab = lines are/coincident .
() h?<ab = lines are imaginary with real point of intersection i.e. (0, 0)
Y, y=m,X
y=m,x
6,
(0] X

If y = mx &y.=mxbe the two equations represented by ax? + 2hxy + by? = 0, then;

2h a
m1+m2=—? &m, m2=g.
If O is the acute angle between the pair of straight lines represented by,

2/h?-ab

ax + 2hxy + by? = O,then ;tan 6 = |~
The condition that these lines are :
(a) At right angles to each other is a + b = 0. i.e. co—efficient of x2 + co—efficient of y2 = 0
Coincident is h2=ab .
x; Equally inclined to the axis of x is h = 0.i.e. coeff. of xy = 0 .
homogeneous equation of degree n represents n straight lines passing through origin.

The equation to the pair of straight lines bisecting the angle between the straight lines,
2 2
-y _Xy

ax? + 2hxy + by2 =0 is =—.
Yo a-b h

Find the separate equations of these lines.

o Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal, Phone :0903903 7779, 098930 58881

The given equation is a homogeneous equation of second degree. So, it represents a pair of straight lines passing through £
the origin. Comparing the given equation with
ax® + 2hxy + by? = 0, we obtain a=6,b =1 and 2h = - 5.

Te

25 1
h2—ab=7—6=z>03 h? > ab

Hence, the given equation represents a pair of distinct lines passing through the origin.

2
Now, 6x2 — 5xy + y> =0 = (%) —5(%j+6=0
2

y y y y y

| —3|=|=2|= - -3 |=-2]| =
= () ol -l om0 () ()0

y Yy
= X—3=OorX—2=0:y—3x=00ry—2x=0

So the given equation represents the straight linesy —3x=0andy -2x=0 Ans.
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Solved Example # 36 Find the equatlons to the pair of lines through the origin which are perpendicular to the lines

represented by 2x2 — 7xy + 2y% =

Solution.

We have 2x2 — 7xy + 2y? = 0.

= 2x*—6xy —xy + 3y2=0=> 2x(x = 3y) —y (x=3y) =

= (x—=3y) 2x—y) =0 = X—3y = Oor2x—y:0

Thus the given equation represents the lines x — 3y = 0 and 2x — y = 0. The equations of the lines passing through the
origin and perpendicular to the given lines arey — 0 =-3 (x— 0)

1
andy—O:—E(x—O) [+ (Slope of x— 3y =0)is 1/3 and (Slope of 2x —y = 0) is 2]
= y+3x=0and2y +x=0 Ans.

Solved Example # 37

Find the angle between the pair of straight lines 4x* + 24xy + 11y*=0

Solution. Given equation is 4x2 + 24xy + 11y? =

Here a = coeff. of X* =4, b = coeff of y?= 11

and 2h = coeff. of xy = 24 h=12
2vh? —ab 2\/144 44 4
Now tan 6 = a+b = 2411 =3

Where 8 is the acute angle between the lines.

-. acute angle between the lines is tan™ (g) and obtuse angle between them is

n—tan™ 4 Ans.
3

Solved Example # 38 Find the equation of the bisectors of the angle between the lines represented by

3x2-5xy +y2=0

Solution.

Given equation is 3x* - 5xy + y*=0 ... E1g
comparing it with the equation ax®> + 2hxy + by?=0 ... 2
we havea=3,2h=-5;andb=4
X2 _ y2 Xy
Now the equation of the bisectors of the angle between the pair of lines (1) is ab - h
2 .2 2_ 2 2
or L y=ﬂ; or 2 yo_ =
3-4 R -1 -5
2
or 5x%2 —2xy —5y2=0 Ans.
Self practice problems :
27
: 34. Find the area of the triangle formed by the lines y2— 9xy +.18x2 = 0 and y = 9. Ans. e sQ. units

35.

If the pairs of straight lines x2 — 2pxy — y? = 0-and x2 — 2gxy — y2 = 0 be such that each pair bisects the'angle between the
other pair, prove that pq =

21 General equation of second degree representing a pair of Straight lines:
(i) ax? '+ 2hxy + by? + 2gx + 2fy. + ¢ = 0 ‘represents'a pair of straight lines if :
a hg
abc + 2fgh'— af? — bgz—che = 0, ie.if | ° f| =0
g f c
(ii) The angle 6 between the two lines representing by a general equation is the same as that between the two lines

represented by its homogeneous part only.

Phone : 0903 903 7779, 098930 58881 page 12 of 24
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Solved Example # 39 Prove that the equation 2x? + 5xy + 3y + 6x + 7y + 4 = 0 represents a pair of straight lines. Flndv

the co-ordinates of their point of intersection and also the angle between them.

Solution. Given equatlon is

2x2 + 5xy + 2y2 + 6X+ 7y +4 =0
Writing the equation (1) as a quadratic equation in x we have
2X2 + (By +6) x+3y?+7y+4 =0

—(5y+6)£/(5y +6)2 —4.2(3y? + 7y + 4)
4
—(5y+6) =+ J25y2 +60y +36 —24y2 —56y —32
4

—(5y+6)+yy*+4y+4 —(5y+6)E(y+2)

4 - 4
= 4 ’ 4 Y.

or 4x+4y+4=0and 4x+6y+8=0 < 0

or x+y+1_0 and 2x+ 3y +4 =0 N ;

Hence equatlon (1) represents a pair of straight lines whose equation are x +y +1 =0 o' (1)
and2x+3y+4=0 ... (2) Ans

Solving these two equations, the required pomt of intersectionis (1,—2) Ans.

Sg,lf practice problem :

22.

Find the combined equatlon of the stralght lines passing through the point (1, 1) and parallel to the lines represented by
the equation x2 — 5xy + 4y? + x + 2y — 2 = 0 and find the angle between them.

3
Ans.  x*—5xy + 4y* + 3x =3y = 0, tan™ (3]

Homogenization :

The equation of a pair of straight lines joining origin to the points of intersection of the line
L=/x+ my + n =0 and a second degree curve,

S=ax? +2hxy + by2 + 2gx + 2fy + ¢ =0

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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2
/X+m /X+m IX+m
is ax2+2hxy+by2+29x[ - yj+2fy[ " y]+¢[ - y] =0

The equation is obtained by homogenizing the equation of curve with the help of equation of line.

NOTE : Equation of any curve passing through the points of intersection of two curves C, =0 and
C,=0is givenby AC, + LC, = 0 where A & L are parameters.

Solved Example # 40

(%)
N

[}
o

Prove that the angle between the lines joining the origin to the points of intersection of the straight line y = 3x

+ 2 with the curve x2 + 2xy + 3y? + 4x + 8y — 11 = 0 is tan™

22
5

Solution.

Equation of the given curve is X + 2xy + 3y2 + 4x + 8y — 11 =0
y —3x

and equation of the given straight lineisy — 3x = 2 =1
Making equation (1) homogeneous equation of the second degree in x any y with the help of (1), we have

, , y —3x y —3x y —3x 2
X2+ 2xy + 3y? + 4x > + 8y > -1 5 =0

1 11
or X2+ 2xy + 3y? + > (4xy + 8y2 —12x2 — 24 xy) — v (y2—6xy + 9x%) =0

or 4%% + 8xy + 12y? + 2g8y — 12x% — 20xy) — 11 (y - 6xy +9x%) =0

or —119x2+34x¥+17y =0or 119x2 — 34xy — 17y? =

or X% — 2xy —

This is the equation of the lines joining the origin to the pomts of intersection of (1) and (2).
Comparing eguation (3) with the equation ax® + 2hxy + by =0

we havea=7,b=-1and 2h=-2 i.e.
If © be the acute angle between pair of lines (3), then
2vh? —ab 2V1+7 28 242 242
tan 6 = a+tb =79 |=% = 3 6 = tan™ 3 Proved

Self practice problems :

Find the equation of the straight.lines j Jomlng the origin to the-points of intersection of the line
3X + 4y 5 0 and the curve 2x? +3y? =
Ans. —y2—24xy =0

Find the equation of'the stralght lines joining the origin to the points ofintersection of the line
X+ my + n =0 and the curve y2 = 4ax. Also, find the condition of their perpendicularity.
Ans. ~ 4alx® + 4amxy + ny? = 0; 4al + n.=0

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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SHORT REVISION

DISTANCE FORMULA : The distance between the points A(x,,y,) and B(x,,y,) is \/ (x,—X, )+ (y, - yz)2 .
SECTION FORMULA : IfP(x,y)divides thelinejoining A(x,,y,) & B(x,,y,)intheratiom:n, then ;
mx,+nx, _ my,+ny,

k]

m-+n m+n

X =

If — is positive, the division is internal, but if — is negative, the division is external .

n
Note : If Pdivides AB internally in the ratiolrln :n & Qdivides AB externally in the ratiom:n then P& Q are
said to be harmonic conjugate of each other w.r.t. AB.

Mathematically ; i L+L i.e. AP, AB & AQarein H.P. -
AB AP AQ N
3. CENTROID AND INCENTRE : IfA(x,,y,), B(x,¥,), C(x;,y,) are the vertices of triangle ABC, whose
XX, 4K Y4y, 1Y, =
sides BC, CA, AB are of lengths a, b, c respectively, then the coordinates of the centroid are : 3 s 3 %
©
ax,+bx,+cx, ay +by,+cy, <
& the coordinates of the incentre are : atbtc | atbtc
Note that incentre divides the angle bisectors in the ratio
(b+c):a ; (c+a):b & (a+b):c.
REMEMBER :
@ Orthocentre Centroid & circumcentre are always collinear & centroid divides the line joining orthocentre &

cercumcentre in the ratio 2: 1.

In an isosceles triangle G, O, I & C lie on the same line .
SLOPE FORMULA :

If ® is the angle at which a straight line is inclined to the positive direction of x—axis, &N~
0° <6 < 180° 6 #90° then the slope of the line, denoted by m, is defined by m = tan 6. If 0 is 90°,)
m does not exist, but the line.isparallel to the y—axis.

If0=0, then m =0 & theline is parallel to the x—axis:

IfA (x,, y,) & B (x,, ¥,); X,#X,, are points on a straight line, then the slope m of the line’is given by:

Y2
X1 X

CONDITION OF COLLINEARITY OF THREE POINTS~ (SLOPE FORM) :

779, 098930 58881

Y1 Y2 Jo7Ys
Points A (X}, y,), B (x,,¥,), C(X;, y;) are collinear if .

X27%s3

EQUATION OFA STRAIGHT LINE IN VARIOUS FORMS
Slope —intercept form: y=mx +c is the equation of a straight line whoseslopeis m & which makes an intercept 5
¢ on the y—axis.
Slope one point form: y -y, = m (x_=x,) is the equation of a straight line whose slope isT
m & which passes through the point (x «
Parametric form : The equation of the ilne in parametric form is given by X
% w =r (say). Where ‘r’is the distance of any point (x , y) on the line from the fixed point (x,, y,) on the®™
Ifne. ris positive if the point (x, y) is on the right of (x,, y,) and negative if2
(x,y) lies on the left of (x,, y,) .
Y= N

— X

2 1

Bhopal, Phone : 0903 903

Two point form: y-y, =

(x—x,) is theequation of a straight line which passes through the pomt

Xpy) & (X, 5,) -
Intercept form : 2+ 21 s the equation of a straight line which makes intercepts a & b

on OX & OY respectlveﬁl

Perpendicular form: xcos a.+ysin ou=p is the equation of the straightline where the length of the perpendicular "
from the origin O on the line is p and this perpendicular makes angle o with positive side of x—axis .

General Form : ax +by+c=0 is the equation of a straight line in the general form

POSITION OF THE POINT (x;, y,) RELATIVE TO THE LINE ax+by +¢c=0:
If ax, + by, + ¢ is of the same sign as c, then the point (x, y,) lie on the origin side of"J
ax+by+ c=0.Butifthe sign of ax, + by, +c is opposite to that of c, the p01nt (Xp y,) will lie on the non-origin side “J
of ax + by +c=0. C“

THE RATIO IN WHICH A GIVEN LINE DIVIDES THE LINE SEGMENT JOINING TWOO
POINTS :
Let the given line ax + by + ¢ = 0 divide the line segment joining A(x,, y,) & B(x,, y,) in the rat10|_

m ax;+by,+c
m.n,then—:—iy1

n ax,+by,+c

, Maths : Suhag R. Karlya

.If A & B areon the same side of the given line then Dis negative but if A& B
n

are on opposite sides of the given line, then — is positive
n
LENGTH OF PERPENDICULAR FROM A POINT ONA LINE :

+ by, +
The length of perpendicular from P(x,,y,)on ax+by+c=0 is Rau) T

a’+b?

ANGLE BETWEEN TWO STRAIGHT LINES IN TERMS OF THEIR SLOPES :
If m, & m, are the slopes of two intersecting straight lines (m; m,#—1) & 0 is the acute angle between them, then

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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(iii)

(iv)

: Since it is the first degree equation in x &y itis a straight line. Secondly point B satisfies the equation because the

Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

m, — m
tan®=——2

I+m, m,| "
Note : Let m;, m,, m, are the slopes of three lines L,=0;L,=0; L;=0 where m,>m,>m, then the interior
angles of the A'ABC found by these lines are given by,

m, —m —m —
tanA= ——2 3 & tanC= "M

m
; tanB= —2—3
1+ m m, 1+ m, m, 1+ m;m,;
PARALLEL LINES :
When two straight lines are parallel their slopes are equal. Thus any line parallel to ax + by + c = 01is of the type ax
+by+k=0. Where k isa parameter.

c,—C
The distance between two parallel lines with equations ax+by+c¢,=0 & ax+by+c,=0 is 12
a’+b?
Note that the coefficients of x & y in both the equations must be same. S
Pi D 5

The area of the parallelogram =

, where p, & p, are distances between two pairs of opposite sides & 0 s the
angle between any two adjacent sides . Note that area of the parallelogram bounded by the lines y=m x+c,™
(¢,=¢,) (d,=dy)

m, —1m,

page 15

y=mx+c, and y=m,x +d,, y=m,X +d, is given by

PERPENDICULAR LINES :

When two lines of slopes m & m, are at right angles, the product of their slopesis -1, i.e. m, m,=—1.
perpendicular to ax+ by +c= (s of the form bx — ay+k =0, where k is any parameter.
Straight lines ax+by+c=0 & a’x+b"y+c' =0 are atright angles if & only ifaa”+ bb"=0.

—_
=
=
=
w«
o
=]

<
=
=]
¥

Equations of straight lines through (x,, y,) making angle o with y=mx+c are:
(y—yp)=tan(®—-a)(x—x) &(y—y,) = tan (O + o) (x—Xx,), where tan 8 =m.
CONDITION OF CONCURRENCY :
Three lines a,x +by+¢,=0, a,x +b,y+¢,=0 & a;x+byy+c;=0 are concurrent if
a b ¢

a, b, ¢,/ =0.Alternatively : If three constants A, B & C can be found such that

a, b, c
A(Balx -|§ bly3+ ¢,) +B(ayx +b,y+c,)+ C(a;x + byt c;) =0, then the three straightlines are concurrent.
AREA OFATRIANGLE :

09039037779, 098930 58881

Xy 1 -

If (x; yi), i=1, 2, 3 are'the vertices of atriangle, then its area is equal to —{x 5 R provided the vertices are o
Xy vy 1 2

considered inthe counter clockwise sense. The above formula will give a (—) ve area if the vertices (xi, yi) Jg=1,2,0
3 are placed in the clockwise sense. -
CONDITION OF COLLINEARITY OF THREE POINTS-(AREA FORM): §
x{ yio 1 S

The points (x;,y,),i=1, 2,3 are collinear if |x, <y, 1. -
X5 Y, 1 )

THE EQUATION-OF A FAMILY OF STRAIGHT LINES PASSING THROUGH THE POINTS OFx<
INTERSECTION OF TWO GIVEN LINES: :
The equation of a family of lines passing through the point of intersection of
a,x+by+c,=0 &ax+b,y+c,=0isgivenby (a;x + bjy+c))+k(a,x + b,y +c¢,) =0,
where k is an arbitrary real number.

If uy=ax+by+c, u,=a’x+by+d, uy=ax+by+c’, uy,=ax+by+d

then, u, = 0; u,=0; u,=0; u,=0 forma parallelogram.

u, u;—u, u, =0 represents the diagonal BD.

co—ordinates of B satisfyu,=0andu, =0.
Similarly for the point D. Hence the result.

On the similar lines u Uy -, = 0 represents the diagonal AC. et
The diagonal ACis also given byu, +Au,=0 and u,+uu,=0, if the two equations are identical for some A and

.

[For getting the values of A & WL compare the coefficients of X, y & the constant terms] .

BISECTORS OF THE ANGLEB BETWEEN TWO LINES :

Equations of the bisectors of angles between the lines ax+by+c=0 &
ax+by+c . a’x+by+c

a’x+by+c¢ =0 (ab’# a’b)are: ==

a’+b? \‘a'z+b'2
To discriminate between the acute angle bisector & the obtuse angle bisector
If T be thr angle between one of the lines & one of the bisectors, find tan 6.

Teko Classes, Maths : Suhag R. Kariya (S. R

If [tan©| < 1,then 20 < 90°sothat this bisector is the acute angle bisector .

If |[tan 6| > 1, then we get the bisector to be the obtuse angle bisector .

To discriminate between the bisector of the angle containing the origin & that of the angle not containing the origin.
Rewrite the equations , ax+by+c=0 &

a’x + b’y+ ¢’ =0 such that the constant terms c, ¢’ are positive. Then;

ax+by+c a’x+by+c ax+by+c

=+ gives the equation of the bisector of the angle containing the origin &
Jal+b? Jat+b? Jai+b’
‘X+b'y+c . . . - -
=— % gives the equation of the bisector of the angle not containing the origin.
a’”“+b’
To discriminate between acute angle bisector & obtuse angle bisector proceed as follows Write
ax+by+c=0 & a’x +b’y+ ¢’ =0 such that constant terms are positive .

Successful People Replace the words like; "wish"”, "try" & "should” with "I Will". Ineffective People don't.
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Ifaa”+bb’ < 0, then the angle between the lines that contains the origin is acute and the equation of the bisector of
x+by+c a’x +by+c

this acute angle is
JJaZ+b? Va2 +b”?

X+by+c a’x+by+c . . .
therefore > Y =- Y is the equation of other bisector.

2 2 ’2 ’2
a“+b a”’+b
If, however , aa’+ bb’ >0, then the angle between the lines that contains the origin is obtuse & the equation of
the bisector of this obtuse angle is:
ax+by+c a’x+by+c _

=+ ; therefore a =—
Ja’+b’ Ja?+b”? Ja’+b’ Ja+b?

is the equation of other bisector.

Another way of identifying an acute and obtuse angle bisector is as follows :

Let L,=0&L,=0 arethe given lines & u; =0 andu, = 0 are the bisectors
between L,=0 3& L, =0. Take a point P on any one of thezhnes L,=0orL,=0 and

rop perp ndicular on u, =0 &u,=0as shown. If,
r T = u, is the acute an gfe bisector .

|p| |q| =" is the obtuse angle bisector .
|p| = |q| = the lines L, & L, are perpendicular .

X+by+c a’x+b’y+c

page 16 of 24

Note : Equation of stralght lines passing through P(x,, y,) & equally inclined with the lines
a,x+by+c,=0&ax+b,y+c,=0 arethose which are parallel1 to the bisectors between these two lines &
passmg through the point P.

A PAIR OF STRAIGHT LINES THROUGH ORIGIN :

A homogeneous equation of degree two of the type ax2+ 2hxy+ by?= 0 always represents a pair of straight lines
passing through the origin & if :

(a) h2>ab =  lines are real & distinct .

(b) h2=ab = linesarecoincident .

(© h?<ab = linesare imaginary with real point of intersection i.e. (0, 0)

Ify=m x & y=my be the two equations represented by ax? + 2hxy + by?=0, then;

- _2h o =4
ml+m2——? mm,= .
If 0 is the acute angle between the pair of straight lines represented by,

2+/h*—ab

ax? + 2hxy + by?=0; then; tan § =
a+b

The condition'that these lines are:

(a) At right angles to each other is a+b=0. i.e. co—efficient of  x”+ coefficient of y>=0.

(b) Coincident 1s h2=ab. (c) Equally inclined to the axis of x'is h=0. i.e. coeff. of xy =0,
A'homogeneous equation of degree n represents n straight lines passing through.origin.

GENERAL EQUATION OF SECOND DEGREE REPRESENTING A PAIR OF' STRAIGHT LINES:

ax? + 2hxy+ by? +2gx + 2fy + c = 0 represents a pair of straight lines-if:

a h'g
abc + 2fgh — af? —bg?—ch?=0, ie. if |h b f/=0.
g f ¢
The angle 6 between the two lines representing by a general equation is the same as that between the two linesX

represented by its homogeneous part only .
The Jomt equation of a palr of straight lines joining origin to the points of intersection of the line given by Ix + my t5
&

Sir), Bhopal, Phone : 09039037779, 098930 58881

2
) )
is ax?+ 2hxy + by? +2gx (rrlny] 2fy( X+my)+c[ X+myj =0 ..... (iii)

)
(i) is obtained by homogenizing (ii) with the help of (i), by writing (i) in the form: [”;“yj -1,
The equation to the straight lines bisecting the angle between the straight lines,

2_ 2
ax2 + 2hxy + by>= 0 is % = XT;‘V
a—
The product of the perpendiculars, dropped from (x,, y,) tothe pair of lines represented by the equation, ax?+

axl2 +2hx,y, +by12

| (a=b)* +4n?
Any second degree curve through the four point of intersection of f(xy) =0 & xy =0 is given by
f(xy)+ Axy=0 where f(xy) = 0 is also a second déree curve.

EXERCISE-1

The sides AB, BC, CD, DA of a quadrilateral have the equations x + 2y = 3, x = 1, x — 3y = 4,
5x +y+ 12 =0 respectively. Find the angle between the diagonals AC & BD.

Find the co-ordinates of the orthocentre of the triangle, the equations of whose sides are x + y = 1,
2x + 3y =6, 4x — y + 4 =0, without finding the co—ordinates of its vertices.

Two vertices of a triangle are (4, —3) & (=2, 5). If the orthocentre of the triangle is at (1, 2), find the coordinates of
the third vertex.

The point A divides the joinof P(=5,1) & Q(3,5) intheratio K: 1. Find the two values of K for which the
area of triangle ABC, where Bis (1, 5) & Cis (7, —2), is equal to 2 units in magnitude.

Determine the ratio in which the point P(3 , 5) divides the join of A(1, 3) & B(7,9). Find the harmonic conjugate of
P wrt. A& B.

2hxy +by?=0 is

Teko Classes, Maths : Suhag R. Kariya (S.
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A line is such that its segment between the straight lines 5x —y—4 =0 and 3x +4y—4=0is bisected at the point
(1,5). Obtain the equation.

Aline through the point P(2, —3) meets the lines x —2y + 7 =0 and x + 3y —3 = 0 at the points A and B respectively.
If Pdivides AB externallyin theratio 3 : 2 then find the equation of the line AB.

Thearea of a triangle is 5. Two of its vertices are (2, 1) & (3, —2). The third vertex lies on y=x + 3. Find the third
vertex.

A variable line, drawn through the point of intersection of the straight lines *+X =1& +X =1, meets the
coordinate axes in A & B . Show that the locus of the mid p01nt of AB is the curve
2xy(a+b)=ab(x +y).

Two consecutive sides of a parallelogram are 4x + Sy=0 & 7x + 2y =0. If the equation to one diagonal is 11x + 7y
=9, find the equation to the other diagonal.

The line 3x + 2y = 24 meets the y—axis at A & the x—axis at B. The perpendicular bisector of AB meets the line
through (0, —1) parallel to x—axis at C. Find the area of the triangle ABC.

If the straight line drawn through the point P(~/3,2) & making an angle z with the x—axis, meets the line /3 x —

4y+8=0 at Q. Find the length PQ.

Find the condition that the d1ag0nals of the parallelogram formed by the lines

ax+by+c=0; ax+by+c'=0;a’x+by+c=0 & a’x+b’y+c =0areatright angles. Also find the equation
to the diagonals of the parallelogram

Iflines be drawn parallel to the axes of co-ordinates from the points where x coso.+ y sinot=p meets them soasto o
meet the perpend1cular on this line from the origin in the points P and Q then prove that

| PQ | = 4p | cos2a. | cosec?2a.

The points (1, 3) & (5, 1) are two opposite vertices of a rectangle. The other two vertices lie on the line y=2x +c. °°
Find ¢ & the remaining vertices. oo
Astraight line L is perpendicular to the line 5x —y = 1. The area of the triangle formed by the line L & the coordmateo
axes is 5. Find the equation of the line. 2
Two equal sides of an isosceles triangle are given by the equations 7x —y+3 =0and x + y—3 =0 & its third side&
passes through the point (1, —10). Determine the equation of the third side. g
The vertices of a triangle OBC are O (0, 0), B (-3, — 1), C(~1, =3). Find the equation of the line parallel to BC &
intersecting the sides OB & OC, whose perpend1cular distance from the point (0, 0) is half. o
Find the direction in which a straight line may be drawn through the point (2, 1) so that its point of intersection with thel\

linedy —4x+4+3 V2 +34/10 =01isat adistance of 3 units from 2,1). ;
Consider the family of lines, 5X +3y—2+K,(3x—y=4)=0 and x—y+ 1 + K,(2x —y—2)=0. Find the equationo
of the line belonging to-both the families without determining their vertices. °’
Given vertices A(1,1), B(4,-2) & C(5,5) of atriangle; find the equation.of the perpendicular dropped from C too
the interior bisector of the angle A. o
If through the angular points of a triangle straight lines be drawn parallel to the epposite sides, and if the intersections -
of these lines be joined to the oppositeangular points of the traingle then using co-ordinate geometry, show that the GJ
linesso.obtained are concurrent. o
Deétermine all values of o for which the point (a, ®2) lies inside the triangle formed by the linesg
2x +3y— 1=0; x+2y 3=0;5x—-6y—1=0.

If the equation, ax?+2hxy+ by’ +2gx + 2fy+¢=0 represent a pair of straight lines, prove that the equation to the'g m
third pair of straight lines passing through the points where these meet the axes is, o
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4fg
ax?—2hxy + by? +2 gx + 2fy + c'+ ?xy 0. m

A straight line is drawn from the point (1;.0) to the curve x2 + y*+ 6x — 10y + 1 =0, such that the intercept made on.='
it by the curve subtends aright angle at the origin. Find the equations of the line. N
Determine the range of values of 0 € [0, 2] for which the point (cos 8, sin 0) lies inside the triangle formed by theX

linesx+y=2; x—y=1&6x+2y—+10 =0. i
Find the ‘co-ordinates of the incentre of the triangle formed by thelinex +y+1=0; x—-y+3=0& 7x—-y+ 3(/)
=0. Also find the centre of the circle escribed to 7x—y+ 3 =0.

B 2
In a triangle ABC, D is a point on BC such that 7=% The equation of the line AD isfg

2x + 3y + 4 = 0 & the equation of the line AB is 3x + 2y + 1 =0. Find the equation of theline AC. <
Show that all the chords of the curve 3x?—y?>—2x +4y =0 which subtend a right angle at the origin arel™
concurrent. Does this result also hold for the curve, 3x2+ 3y2 —2x + 4y = 0? If yes, what is the point of %
concurrency & ifnot, givereasons.

Without finding the vertices or angles of the tr1angle show that the three straight lines au + bv = 0; U)
au —bv =2aband u+ b= 0 from an isosceles tr1ar6: where u = x -ré b&v=x—-y—a &a,bz0.

EXER

The equations of perpendiculars of the sides AB & AC of triangle ABC are x —y — 4 = 0 and

ya

aths : ¢

p=

Teko Classes,

2x —y—5 =0respectively. If the vertex A is (— 2, 3) and point of intersection of perpendiculars bisectors is (; , ;]

find the equation of medians to the sides AB & AC respectively.
Aline 4x +y=1 through the point A(2,—7) meets the line BC whose equationis 3x —4y+ 1 =0 ata point B.
Find the equation of the line AC, sothat AB =AC.
.2
If x cos 0.+ y sin o.=p, where p=— % e g straight line, prove that the perpendiculars on this straight line from

oS
the points (m2, 2m), (mm’, m +m’), %m 2m’) forma GP.

A(3, 0) and B(6, 0) are two fixed points and P(x,y,) is a variable point. AP and BP meet the y-axis at C & D
respectively and AD meets OP at Q where 'O' is the origin. Prove that CQ passes through a fixed point and find its
co—ordinates.

Find the equation of the straight lines passing through (-2, —7) & having an intercept of length
3 between the straight lines 4x +3y= 12, 4x + 3y=3.

Let ABC be a triangle with AB = AC. If D is the mid point of BC, E the foot of the perpendicular from D to AC and
F the midpoint of DE, prove analytically that AF is perpendicular to BE.

Two sides of a rhombous ABCD are parallel to the lines y=x + 2 & y= 7x + 3. If the diagonals of the rhombous
intersect at the point (1, 2) & the vertex A ison the y-axis, find the possible coordinates of A.
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The equations of the perpendicular bisectors of the sides AB & AC of a triangle ABC are
x—y+5=0 & x+2y=0, respectively. If the point Ais (1,-2), find the equation of the line BC.
A pair of straight lines are drawn through the origin form with theline 2x + 3y =6 an isosceles triangle right angled
at the origin. Find the equation of the pair of straight lines & the area of the triangle correct to two places of decimals.
A triangle is formed by the lines whose equations are AB : x +y-5=0,BC:x+ 7y -7 =0 and
CA : 7x +y+ 14 =0. Find the bisector of the interior angle at B and the exterior angle at C. Determine the nature of
the interior angle at A and find the equaion of the bisector.
A pointPis such that its perpendicular distance from the line y—2x + 1 =0is equal toits distance from the origin.
Find the equation of the locus of the point P. Prove that the line y=2x meets the locus in two points Q & R, such that
the origin is the mid point of QR.
A triangle has two sides y = m;x and y = m,x where m, and m, are the roots of the equation
bo? + 2ha.+ a = 0. If (a, b) be the orthocentre of the triangle, then find the equation of the third side in terms of a, b
andh.
Find the area of the triangle formed by the straight lines whose equations are x + 2y — 5 = 0;
2x +y—7=0and x —y + 1 =0 without determining the coordinates of the vertices of the triangle. Also compute the
tangent of the interior angles of the triangle and hence comment upon the nature of triangle.
Flnd the equatlon of the two straight lines which together with those given by the equation's
6x%—xy—y?+x + 12y —35=0 will make a parallelogram whose diagonals intersectin the origin.
Find the equations of the sides of a triangle having (4, —1) as a vertex, if the lines x -1 =0 and'g o
x —y—1=0 are the equations of two internal bisectors of its angles.
Equation of a line is given by y + 2at = t(x —at?), t being the parameter. Find the locus of the point of intersection of 8
the lines which are at right angles.
The ends A, B of a straight line line segment of a constant length 'c' slide upon the fixed rectangular axes OX & OYw—
respectively. If the rectan %le OAPB be completed then show that the locus of the foot of the perpendicular drawn from 3
PtoAB isx¥3 +y?3=c23 Q
2pomt moves so that the distance between the feet of the perpendiculars from it on the linesg
2hx¥ + ag =0 isaconstant 2d. Show that the equation to its locus is, P
y?) (h? — ab) = d*{(a — b)* + 4 h?} @
The 81des of a triangle are U =xcos o +ysin o, —p, =0, (r=1,2, 3). Show that the orthocentre is given byo
U, cos(at, — a,;) = U,cos(o, — (xl) =U cos((x 0(2).
Pis the point (=1, 2), a variable line through P cuts the x & y axes at A & Brespectively Q is the point on ABoy
such that PA, PQ, PB are H.P. Show that the locus of Q is theline y =2x. K
The equations of the altitudes AD, BE, CF of a triangle ABC are x+y=0, x—4y=0and 2x—y=0 respectively. N
The coordinates of A are(t,—t): Find coordinates of B & C. Prove that if t varies the locus of the centroid of the&
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triangle ABC is x + Sy =0. &
Avariable line is drawn through O to cut two fixed straight lines L, & L, in.R & S .“A point Pis chosen on the&3
variable line such that; %JFPE = O£R+& Show that the locus of Pis a stralght line passing the point of intersection g
of L, &L

Ifthe lines ax2+ 2hxy + by? = 0 fromtwo sides of a parallelogram and the line Ix + my = 1 is one diagonal, prove that C
the'equation of the other diagonalis, y(b/—hm)=x (am —hl/)

The distance of a point (x,, y,) from each of twosstraightlines which passes through the origin of co-ordinates s &; ﬁnd‘l
the combined equation o these straight lines.

The base ofa trlangle passes through a fixed point (f, g) & its sides are respectively bisected at right angles by the hnesg
y? —8xy=9x? = 0. Determine the IOCL&Of 1tEs vﬁ:xc I s E 3 2
m

The graph of the function, cosx cos (x+ 2) —cos? (x +1) is: 0_3
(A) a straight line passing through (0 —sin’1) withslope2  (B) astraight line passing through (0, 0) N4
(C) a parabola with vertex (1, —sin”1) o
@

(D) a straight line passing through the point (TZC’_Sin 21) & parallel to the x—axis. [JEE'97,2] Pt
>

Onediagonal of a squareis the portion of the line 7x + Sy =35 1r1tercepted by the axes, obtain the extremities of the &
other diagonal . [REE'97,6] ¥
A variable line L passing through the point B (2, 5) intersects the line 2x%— 5xy+2y-=0atP & Q. Find the locus offC
the point R on L such that distances BP, BR & BQ are in harmonic progression. 2
[REE'98, 6] S

Select the correct alternative(s) : [JEE'98,2x3=6] n
IfP(1,2),Q(4,6),R(5,7) & S (a, b) are the vertices of a parallelogram PQRS, then : "
(A) a=2,b=4 (B) a=3,b=4 (©) a=2,b=3 (D)a=3,b=5 <
The diagonals of a parallelogram PQRS are along the lines x + 3y=4 and 6x — 2y ="7. Then PQRS must beg
a: -
(A)rectangle (B) square (C) cyclic quadrilateral (D) rhombus §
If the vertices P, Q, R of a triangle PQR are rational points, which of the following points of the triangle PQR is/are &
always rational point(s)? o
(A) centriod (B) incentre (C) circumcentre (D) orthocentre o
Using coordinate geometry, prove that the three altitudes of any triangle are concurrent. [JEE '98, 8] S
The equation of two equal sides AB and AC of an isosceles triangle ABC are x + y=35 & 7x —y = 3 respectively. Find—

the equations of the side BC if the area of the triangle of ABC is 5 units.  [REE'99, 6]

Let PQR be a right angled isosceles triangle, right angled at P (2, 1). If the equation of the line
QRis 2x +y =3, then the equation representing the palr of hnes PQandPRis

(A) 3x - 3y +8xy+20x+ 10y+25=0 (B)3x>— 3y +8xy—20x - 10y +25=0

(C)3x2—3y? +8xy+ 10x + 15y +20=0 (D) 3x2-3y? —8xy—10x— 15y —20=0 [JEE'99, (2 out 0of200)]

(a) The incentre of the triangle with vertices ( V3 ) (0,0) and (2,0) is:

W) wld) 0fd ey

(b) Let PS be the median of the triangle with vertices, P (2, 2), Q (6,-1) and R (7, 3) . The equation of the line
passing through (1, —1) and parallel to PSiis:
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(A) 2x-9y-7=0 B) 2x-9y-11=0
©) 2x+9y-11=0 D) 2x+9y+7=0

[ JEE 2000 (Screening) 1 + 1 out of 35 ]
() For points P= (x,, Q=(x,,y,) of the co-ordinate plane, a new distance d(P, Q) is defined by d (P,
(‘) =X, | + | Let (3 (0,0) and A= (3, 2). Prove that the set of points in the first quadrant

Wthh are equldlstant (Wlth respect to the new distance) from O and A consists of the union of a line segment
of finite length and an infinite ray. Sketch this setin alabelled diagram. [
JEE 2000 (Mains) 10 out of 100 ]

Find the position of point (4, 1) after it undergoes the following transformations successively.
@ Reflection about the line, y=x—1 (ii) Translation by one unit along x—axis in the positive direction .

yl) and

(iii) Rotation through an angle — about the origin in the anti—clockwise direction.

4
[ REE 2000 (Mains) 3 out of 100 ]
Area of the parallelogram formed by the lines y=mx, y=mx + 1, y=nx and y=nx + 1 equals

‘m + n‘ 2 1 1 ' i

(A) (m—n)° (B) ‘m N n\ © \m N n\ (D) ‘m n‘ [JEE 2001 (Screening) ] =

(a) LetP=(-1,0),Q=(0,0)andR=(3, 3\f 3 ) be three points. Then the equation of the bisector of the angle"‘

PQRis N

©

3 3 Q
(A)£x+y=0 B)x+ .3y=0 (©) J3x+y=0 (D)x+\2fy=0

(b) A stralght line through the origin O meets the parallel lines 4x +2y=9 and 2x + y+ 6 =0 at points Pand Q°°

respectively. Then the point O divides the segment PQ in the ratio &
(A)1:2 (B)3:4 ©)2:1 (D)4:3 o

(© The area bounded by the curves y = Ix|— 1 and y=—Ixl + 1 is P
A1 (B)2 ©242 (D) 4 &

[JEE 2002 (Screening)] ©

d Astraight line Lthrough the origin meets the line x+ y=1 and x +y =3 at Pand Q respectively. Through Po>
and Q two straight lines L, and L, are drawn, parallel to 2x —y=5and 3x + y =5 respectively. Lines L, and[-
L, intersectat R. Show that the locus of R, as L varies, is a straight line.

[JEE 2002 (Mains)]
The area bounded by the angle bisectors of the lines x> — y? + 2y = 1 and the line x +y = 3;is
(A2 B)3 O 4 (D) 6-[JEE 2004 (Screening)]

The area of the triangle formed by the intersection of a line parallel to x-axis and passing through P (h; k) with the lines
y=xand x + y=2 is 4h% Find the locus of the point P. [JEE 2005, Mains, 2]

EXERCISE-4

Th6e 5equatlon of the internal bisector of ZBAC of AABC with vertices A(5; .2), B(2, 3) and
) is

%_A 2x+y+12 0 B)Yx+2y—-12=0 (C)2x+y=-12=0 (D)-none of these
he lines ax + by + ¢ = 0, where 3a.+ 2b + 4c = 0 are concurrent-at the point :

13 3 1
A |27 (B)(1,3) ©) (3,1 © |73
The equation of second degree x® + 242 Xy + 2y% + 4X + 4.2 y + 1 = 0 represents a pair of straight lines. The

distance between them is
(A) 4 (®) 75 (C)2 D) 23

The straight lines joining the origin to the points of intersection of the line 2x + y = 1 and curve
3x% + 4xy — 4x + 1 = 0 include an angle :

T T T T
A 5 B 3 ©) ()
iven the points A (0, 4) and B (0, — 4), the equation of the locus of the point P (x, y) such that
AP BP| =6is:
A)9x2—7y2+63=0 (B)9x2—7y2—63=0
(C) 7x2—9y2+63=0 (D) 7x3—9y2—63=0

A triangle ABC with vertices A (—1 0),B (—2 3/4) & C (—3 — 7/6) has its orthocentre H. Then the orthocentre of
triangle BCH will be : ' ' '

(A) (=8 —=2) (B)(1,3) C)(—=12 (D) none of these

Equation of a straight line passing through the origin and making with x — axis an angle twice the size of the angle
made by the line y = 0.2 x with the x — axis, is :

(A)y=0.4x (B) y = (5/12) x (C)By —5x=0 (D) none of these

A variable straight line passes through a fixed point (a, b) intersecting the co—ordinates axes at A & B. If 'O" is the
origin then the locus of the centroid of the triangle OAB is :

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal, Phone : 0903 903 77

(A) bx + ay —3xy =0 (B) bx + ay —2xy = 0

(C)ax+by —3xy =0 (D) ax + by —2xy =0

Area of the quadrilateral formed by the lines |x| + |y | =2is:

(A)8 (B) 6 (C)4 (D) none

The distance of the point (2, 3) from the line 2x — 3y + 9 = 0 measured along alinex-y+1=0is:
(A)5+/3 (B) 4+/2 (C) 342 (D) 22

The set of values of 'b' for which the origin and the point (1, 1) lie on the same side of the straight line,
a’x+aby+1=0V ae R,b>0are:

(A)be (2,4) (B)be (0, 2) (C)b e [0, 2] (D) (2, %)

Drawn from the origin are two mutually perpendicular straight lines forming an isosceles triangle together with the
straight line, 2x + y = a. Then the area of the triangleis :
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a.2 a.2 a2
(A) B} (B) E} (©) 3 (D) none
13. The line joining two points A (2, 0);B (3, 1) is rotated about A in the anticlock wise direction through an angle of 15°.
The equation of the line in the new position is :
(Ayx— 3y—2=0 (Byx—2y—2=0
(C) 3x—y—24/3 =0 (D) none
14. The line x + 3y — 2 = 0 bisects the angle between a pair of straight lines of which one has equation

x — 7y + 5 = 0. The equation of the other line is :

(A)3x+3y—1=0 (Byx—3y+2=0 (C)5x + 5y =3 =0 (D) none

On the portion of the straight line, x + 2y = 4 intercepted between the axes, a square is constructed on the side of
the line away from the origin. Then the point of intersection of its diagonals has

co—ordinates :
(A)(2,3) (B)(3,2) (C)(3,3) (D) none 3

—
o

16. A light beam emanating from the point A(3, 10) reflects from the straight line 2x + y — 6 = 0 and then passes throughﬂ-
the point B(4, 3). The equation of the reflected beam is : =
(A)3x—y+1=0 (B)x+3y—13=0 (C)3x+y—15=0 (D)x—3y+5=0 g

17. The equation of the bisector of the angle between two lines 3x — 4y + 12 = 0 and %
12x — 5y + 7 = 0 which contains the points (=1, 4) is : Q
(A)21x+27y —121=0 (B) 21x — 27y + 121 =0

-3x+4y-12  12x-5y+7 o
(C) 21x + 27y + 191 = 0 y=12 _ y %
5 13 poe]

18. The equation of bisectors of two lines L, & L, are 2x — 16y —5=0and 64 x + 8y + 35 = 0. If the line L, passesg
through (— 11, 4), the equation of acute angle bisector of L, & L, is : 8
(A)2x—16y—5=0 (B)64x+ 8y +35=0 (C) data insufficient (D) none of these g

Y
©

The equation of the pair of bisectors of the angles between two straight lines is, 12x2 — 7xy — 12y2 = 0. If the equation©
of one line is 2y — x = 0 then the equation of the other line is :
(A) 41x—38y =0 (B) 38x—41y =0 (C)38x+41y =0 (D) 41x +38y =0

779,

20. If the straight lines joining the origin and the points of intersection of the curver
5x% + 12xy — 6y? + 4x — 2y + 3.=.0 and x + ky — 1 = 0 are equally inclined to the x-axis then the value of k is equalg
to: &
(A)1 (B) -1 (G2 (D)3 0

21, If the points of intersection of curves C, = AX2+4y2—2xy—9x+3 & o
C,=2x*+3y?~4xy +3x—1 subtends a right angle at origin, then the valueof A is : ©
(A)19 B)9 (C)—19 (D) =9 o

Part : (B) May-have more than one options correct g
The equation of the bisectors of the angle between the two intersecting lines : o

x—-3 y+5 x—-3 y+5 x—3 y+5 x-3 (y+5 h =
cos8 — sin® "% coso T sing &€ Gosa - sina 20 g T oy NeN Q

0+0 ) - =
(A)a:T (B)p=-sina (C) y=cos'a (D) B =sina ’3{

23. Equation of a straight line passing throughthe point of intersection of x —y + 1 =0 and 3x + y — 5 = 0 are®
perpendicular to one of them-is
(A)x+y+3=0 B)yx+y-3=0 (C)x—3y-5=0 (D)x-8y+5=0
24, Threelines px+qy +r=0,gx +ry + p= 0 and rx +Py +9= 0 are concurrent if
A)p+q+r_ P+ q®+r2=pg+qr+rp
C)p®+p+ri=3pqr D) none of these

25. Equatlon of a straight line passing through the point (4, 5) and equally inclined to the lines,
3x=4y + 7and 5y = 12x + 6 is
(A)9x—=7y=1 B)9x+7y=71 (C)7x+9y =73 (D) 7x—9y+17=0
26. If the equation, 2x2 + k xy — 3y2 — x — 4y — 1 = 0 represents a pair of lines then the value of k can be:
(A)1 (B)5 (C) -1 (D) =5
27. If a2 + 9b% — 4¢? = 6 ab then the family of lines ax + by + ¢ = 0 are concurrent at :
(A) (1/2, 3/2) (B) (—1/2,—3/2) (C) (—1/2,3/2) (D) (1/2, —3/2)

EXERCISE-5

2~ Y3 Y3~ Y4 Y1—Yo

. . y
If the points (x,, y,), (X,, ¥,) and (x,, y,) be collinear, show that xoXs T Xgx; T xxp - 0.

-

N

Find the length of the perpendicular from the origin upon the straight line joining the two points whose
coordinates are (acos o, asin a) and (a cos B, a sin B).

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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[

X
Show that the product of the perpendiculars drawn from the two points (+ 4/32 —p2 , 0) upon the straight line 5 008

6+Xsin6:1isb2.

b

4. Find the equation of the bisector of the acute angle between the lines 3x — 4y + 7 = 0 and
12x+ 5y -2 =0.

5. Find the equation to the palr of stralght lines joining the origin to the |ntersect|ons of the straight line
y = mx + ¢ and the curve x2 + y2 = a%. Prove that they are at right angles if 2c? = a® (1 + m?).

6. The variable line x cosO + y sin® = 2 cuts the x and y axes at A and B respectively. Find the locus of the vertex P of
the rectangle OAPB, O being the origin.

7. IfA(x,, y,), B(x, ¥,), C(x,, y,) are the vertices of the triangle then show that :
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x y 1 x y 1
(i) The median through A can be written in the form | x; y; 1] +|x; y; 1/ =0.
X Y2 1] |X3 Y3 1
X y x y 1

(i) the line through A & parallel to BC can be written in the form ; |x; y; 1/ —[x; y; 1] =0.
X2 Y2 1| X3 ys 1
x y 1 x y 1
(iif) equation to the angle bisector through Ais b|X; Yy 1|+c|x; y; 1| =0.

Xg Yo 1 Xz Y3 1
where b = AC & ¢ = AB.
Is there a real value of A for which the image of the point (A, A — 1) by the line mirror 3x +y = 6 A is the point (A2
+1,A) ? If so find A.

If the straight lines, ax + by + p =0 & xcos O + y sin O — p = 0 enclose an angle T/4 between them, and meet the
straight line xsin 0L — y cos O = 0 in the same point, then find the value of a2 + b?-

page 21 of 24

Drive the conditions to be imposed on P so that (0, B) should lie on or inside the triangle having sides
y+3x+2=0,3y—2x—5=0&4y+x—14=0.

A straight line L is perpendicular to the line 5x — y = 1. The area of the triangle formed by the line L & the coordinate
axes is 5. Find the equation of the line.

Two equal sides of an isosceles triangle are given by the equations 7x—y + 3 =0 and x +y — 3 = 0 and its third side
passes through the point (1, —10). Determine the equation of the third side.

Find the equations of the straight lines passing through the point (1, 1) and parallel to the lines represented by the
equation, x> = 5xy + 4y? + x + 2y — 2 = 0.

Find the coordinates of the vertices of a square inscribed in the triangle with vertices
A (0, 0), B (2, 1), C (8, 0); given that two of its vertices are on the side AC.

The equations of perpendiculars of the sides AB & AC of A ABC are x — y — 4 = 0 andn

9, 098930 58881

77

35
2x —y — 5 = 0 respectively. If the vertex Ais (— 2, 3) and point of intersection of perpendiculars bisectors (5 ) Ej is,

find the equation of medians to the sides AB and AC respectively.

The sides of a trian?le are 4x.+ 3y + 7 = 0, 5x + 12y = 27 and 3x + 4y.-+8 = 0. Find'the equations of the internalg
bisectors of the angles and'show that they are concurrent. o

390

A ray of lightis sent along the line x — 2y==38-=.0. Upon reaching the line 3x= 2y — 5 = 0, the ray is reflected from g,
it. Find the’equation of the line containing the reflected ray.

A triangle is formed by the lines whose equations are AB : x+y—5=0,BCux+7y~7=0and CA: 7x +y + 145
= 0:-Find thebisector of the interior angle at-B-and the exterior angle at:C. Determine the nature of'the interior angle
at A and find the equation of the bisector.

T
Find the equations of the sides of a triangle having (4, —1) as a vertex, if the lines x — 1 = 0 and&
x —y — 1= 0 are the equations of two internal bisectors ofiits angles. 2

The equations of the altitudes AD, BE, CF of a triangle ABClarex +y =0, x — 4y = 0 and 2x — y = 0 respectively. Thrm“
Z%Oédjnatesgf A abre (t, —t). Find'coordinates of B and C. Prove that it t varies the locus of the centroid of the triangleT™
is X+ 5y = 0. n

For points P = (x,, y;)-and Q = (x,, y,) of the co-ordinate plane, a new distance d(P, Q) is defined byx
d(P, Q) =[x, —x,| +1]y1 -V,|. Let O = (0, 03/ and A = (3, 2). Prove that the set of points in the first quadrant which are_ :
equidistant (with respect fo the new distance) from O and A consists of the union of a line segment of finite Iength‘:C
and an infinite ray. Sketch this set in a labelled diagram. [IT -2000, 10] %)

Let ABC and PQR be any two triangles in the same plane. Assume that the prependiculars from the points A, B, C ©

to the sides QR, RP, PQ respectively are concurrent. Using vector methods or otherwise, prove that the prependiculars.2

from P, Q, Rto BC, CA, AB respectively are also concurrent.
[IIT - 2000, 10]

A straight line L through the origin meets the lines x + y = 1 and x + y = 3 at P and Q respectively. Through P andcC
Q two straight lines L, and L, are drawn parallel to 2x —y = 5 and 3x + y = 5 respectively. Lines L, and L, intersect
at R. Show that the locus onR, as L varies, is a straight line. [IIT - 2002, 5] d

on

Ka

Suh

24, A straight line L with negative slope passes through the point (8, 2) and cuts the positive coordinate axes at points - -
P and Q. Find the absolute minimum value of OP + OQ, as L varies, where O is the origin. E
[IIT - 2002, 5] =
25. The area of the triangle formed by the intersection of a line parallel to x-axis and passing through P(h, k) with the;
lines y = x and x + y = 2 is 4h?. Find the locus of the point P. [IIT - 2005, 2] ]
7
ANSWER 8
O
EXERCISE-1 2
2
o
0 Q1. 90° Q2 G% Q3. (33,26) Q4.K=7or%
Q5.1:2; Q(-5,-3) Q6.83x—-35y+92=0 Q7. 2x+y—-1=0
7 13 33 :
Q8. (—,—) Or(—f,fj Q10. x—y=0 Q11. 91 sq.units
22 2 2 Y d
Q12. 6units Q 13. a’+b>=a”+b?; (a+a)x+(b+b)y+(c+c)=0 ;(a—a)x+(b-b)y=0
Q15. c=—4; B(22,0); D#4,4) Q16. x+5y+542=0 or x+5y—-542 =0
Q17. x-3y-31=0 or 3x+y+7=0 Q18. 2x+2y+~2 =0 Q19. —9°,-81°
Q20. 5x-2y-7=0 Q21 x-5=0

5
Q23 o< 1Utco<l Q25 x+y=1;x+9=1 Q26. 0<e<%t ~tan'3
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Q27. (-1, 1); (4 1) Q 28. 9x + 46y +83=0 Q29. (1,-2), yes (1 , _3)
Q1 x+4y=4; 5x+2y=8 Q2. 52x+89y+519=0 Q4 (2,0
Q.5 Tx+24y+182=0 or x==2 Q.7 (0,0) or (o,%) Q.8 14x +23y=40

Q9 x-5y=0or 5x+y=0, Area=2.77 sq.units
Q.10 3x +6y—-16=0;8x+8y+7=0;12x+6y—11=0
Q.11 x2+4y2+4xy+4x—-2y—-1=0 Q.12 (a+b)(ax +by)=ab(a+b-2h)

S 3 3, 3,é

o Q.13 5 54 units, 4 , isosceles Q.14 6x2—xy—-y2—-x—12y-35=0
(&)

o Q15 2x-y+3=0,2x+y-7=0,x-2y-6=0 Q.16 y>=a(x—3a)

T2 B(_ﬁ,_i),c(i,t)

=) 3 6 2

U; Q.24 (y - x*-2xy,xy+ (x’=8)y’=0 Q.25 4 X+ y) + (4g+5H) x+ (4f-5g)y=0

(a8
2 EXERCISE-3
T Q.1 Q.2 (-1,1) & (6, 6)
= Q3 17x-10y=0 Q4@ (@ C (M)D (¢)ACD
: Q5 x-3y+21=0, x-3y+1=0, 3x+y=12, 3x+y=2 Q.6 B
%QJ (@D (b) D Q8 (4. 1) > (2,3) = (3,3) = (0,32)
o5Q.9 D Q10 @) C; (b)B; (¢)B; (d) x-3y+5=0
EQ.ll A Q12 y=2x+1,y=-2x+1
: EXERCISE-4
81.C2.D3.C4.A5.A6.D7.B
%8. A 9. A 10.B 11.B 12.C 13.C 14.C
615.C 16.B 17.A 18.A 19.A 20.B 21.C
_\0522_ ABC 23.BD 24. ABC 25. AC 26. AD
()]
F= 27. oo
% EXERCISE-5
é
g2 a cos [oc;] 4., 11x-38y+9=0
()
> for 39 Q
e Lilol wo e or Yrs. Que.
o Y
o 10.5/3<B<7/2 f _J
° of II'T-JEE
O 1. x+5y+5v2=0 or x+5y—5v2 =0
08i12.x—3y—31=00r3x+y+7=0 &
>
o 18. (x—4y+3)(x—y)=0
EIEJ or x2—5xy+4y?2+3x—3y=0 15 YrSo Queo Of
©
© 3oll201(33) (23
g (39)(39) (53).[3-3) AIEEE
3
D15.x+4y=4;5x+2y=8 We have
HJJ 17. 29x — 2y = 31 o o
E 18.3x +6y—16=0;8x+8y +7=0;12x + 6y —11 =0 dlStrlbuted
19.2x -y +3=0,2x+y-7=0;x-2y-6=0
already a book

2t ) [t
20.B 3 6 ,C >’
24. 18 25.y=2x+1ory=-2x+1
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