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1.HIGHLIGHTS OF ELLIPSE

<2 2
Referring to an ellipse — + b_2 =1
a

=% m
o =

If P be any point on the ellipse with S & S’ as its foci then ¢(SP) + ¢(S'P) = 2a.

Product of the length’s of the perpendiculars from either focus on a variable tangent to an

Ellipse / Hyperbola = (semi minor axis)? / (semi conjugate axis)? = b?

mX -y + \a’m* +b* =0

mae + azm2 + b2 —mae + azm2 + b2

PP, =
" \/1+m \/1+m2

(azm2 erz)—mzaze2

B 1+m? (o P1

(—ae 0) (ae,0)

a’m” +b><m?(a*—b?%) Sl

- 1+ m?
b2(1+m?)

- 1+m? -
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(b)  Feetof the perpendiculars from either foci on a variable tangent to an ellipse / hyperbola liesy¢
on its auxiliary circle. Hence ‘deduce that the sum of the squares of the chords which thecc
auxiliary circle intercepton two perpendicular tangents to an ellipse is constant and is equal%2

to the square on the line joining the foci.

y=mX+ \a?m? + b2
(k —mh)*>=a’m?> +b>  ...(1)
equation of line through F, &

ot
slope =~

1
_O=_ h— p—
y m(X ae)

1
k=——(h—ae)

(km + h)2 = a%e? —b? wee(2)
adding (1) and (2), we get

h? + k2 + m?(h? + k?) = a’?m? + b? + a? — b?

K2(1 + m?) + h2(1 + m?) = a’2(1 + m?) ;
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(c)

(d)

now A'B'= 21 ; AB = 21
(S,R)* + (S R)? = (§,S,)% ]

If Y, and Y, be the feet of the perpendiculars on
the auxiliay circle from the foci upon any tangent, at P on the ellipse, then the point of
intersection 'Q’ of the tangents at Y, and Y, lies on the ordinate through P. If P varies i.e. 6
varies then the locus of Q is an ellipse having the same eccentricity as the original ellipse.
Chord of Contact (C.0.C) w.r.t the circle x> + y> = a? is

hx + ky = a2 (D) (h,k)

This must be the same tangent at P(0)
X cos0 sin O
+ X0 Q)
a b
Comparing (1) and (2) 2 +—2__,2
Omparing 1) an cos® sin0
h=acos0
K= a’sin®
b
oy
2 2~
S
b 7
N \ Similar
Which is an ellipse whose eccentricity e' is given by \\\__,f’ ellipse
21.2 2
a’b b
e?=1- = e%?=1- =e?
at a’ .

Lines joining centre to the feet of perpendicular from a focus on any tangent at P and the line
joining other focus to the point of contant 'P' are parallel.

xcos® ysinO
+ =
a b
CT  asecH asecO
S;,T asecO-—ae ~ a(secO—e)
CT 1 )1/
e C (a0
ST ™ 1—ecosB 51
CN
.2 a . '
Again SP = (a )
el——acosO| 0 e | ’
e
a 1 CT CN,

a—aecosO - 1—ecosO = ST SP
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Now use sine law in triangles CN,T and S,PT we can prove .+ ¢ =3 + ¢ 3
CT a S,P S,T z
Sin(0+0) ~ sind and - Gho = sinB+0) °

®

CT  sin(a+0) ST  sin(B+9) =

— = and —— =" . ,

a sin¢ S,P sin¢ =

hence sin(ot + ¢0) = sin(f + ¢) ] §
o

™D

H-3 If the normal at any point P on the ellipse with centre C meet the major & minor axe sg
in G & g respectively, & if CF be perpendicular upon this normal, then o
(i) PF.PG="0b? (ii) PF.Pg=a? J
(iii) PG.Pg=SP.S'P (iv) CG.CT = (CS)? g

(v)  locus of the mid point of Gg is another ellipse having the same eccentricity as that ofQ

the original ellipse.
[where S and S’ are the focii of the ellipse-and T is the point where tangent-at P meet the&
major axis]

39

2 2
a’x b
(i) PF-PG=b> — 222 _ 202
oY
LHS=Power of the point P w.r.t.
the circle on CG as diameter

=x,(x, —e*x)) + yl2
— 2 2 2
= Xl(l_e ) + y;i

2

b
= a%cosZ0 (1 -1+ —2] + b2sin?0
a

= b2c0s20 + b2sin?0
b2 ]

(ii) PF-Pg=a?
LHS = Power of the point P w.r.t.
the circle on Cg as diameter
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2.2 2 .2
a‘e (a” —b")
= Xlz + yl[yl + bzle = a2cos?0 + bzsinze(l"' b2 j + b%sin?0
)
= a%c0s20 + b2sin%0 7 =a? ]
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(iv)

=
=

Also
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PG.Pg=SP.S'P
RHS = (a — ae cosB)(a + ae cos0)

aZ — a%e’cos?0

a? — (a2 — b?) cos?0
a?sin’0 + b’cos’0
LHS = Power of P w.r.t
the circle on Gg as diameter

a cosO, b sind
P(x1.y1)
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a’e? g

2 by S el
b & 20

2.2 2 2 2
_ 2 2, 2|, a€e | _ ofb o[, a“—b
= Xl(l—e )+y1 [1+b—2j = Xl(a_ZJ—i_yl [1+b—2]

= b2c0s20 + a%sin’0 = RHS ]

— 2 +
=X, (x; —e*x) +y,| N1

CG . CT = (CS)2

The tangent & normal at a point P on the ellipse bisect the external &internal angles between g
the focal"distances of P. This-refers-to the well known reflection property of the ellipseﬁ
which states that rays from onefocus are reflected through other focus & vice—versa. 8
Hence we can deduce that the straight lines joining each focus to the foot of the perpendicular-8
from the other focus upon the tangent at any point P meet on the normal PG and bisects it.=
where G is the point where normal at P-meets the major axis. '
Reflection property :

ne :0903903 7779, 098930 58881.

B

T N

2
= S
GS, ae-ex; a-—ex; (ae) _— ~
S‘, (e2x1,.0)/G  S(ac,0)
a
e(ﬂlj 5
PS2 e a+ex,

“Q
i
=
*
5
4
~ \“
.
-

In AS,PN, and AN,PQ
ZN,PQ=24N,PS, =6
(neglect property)
PN, is common
Z QN,P=PN,S, =90°
S,PN, =N, PQ,
N, is the mid point of S,Q
Now proceed
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The portion of the tangent to an ellipse between the point of contact & the directrix subtends
a right angle at the corresponding focus.

The circle on any focal distance as diameter touches the auxiliary circle.

Perpendiculars from the centre upon all chords which join the ends of any perpendicular
diameters of the ellipse are of constant length. _
If the tangent at the point P of a standard ellipse meets the axis in T and t and CY is theg

S
en
G
=
]
-
()
(@)
(Y]
o

perpendicular on it from the centre then,
(i) Tt.PY=a2-b%> and (0. becO)t
(1)  least value of Tt is a+b.

(a cosO, b sin0)

Tt - py = a®> —b?

\/a2 sec’ 0+ b cosec’O &y
\/a2 +b% + (asin®— bcose)2 + 2ab

T(a secH, 0)

:0903903 7779, 098930588

TOUGH ELLIPSE _
Chords at right angles are drawn through any point P(et) of the ellipse, and the line joining &
their extremities meets the normal in the point Q. Prove that Q is the same for all suchﬁ

one

3.2 2,42 . ©
: : . a‘eteoso —
chords, its-coordinates being g =T and —2 Ee s;noc‘ §'
a“+b a”+b o0
Prove also that the major axis is the bisector of the angle PCQ, and that the locus of Q for—

different positions of P is the ellipse : CQ
) :

S 29, Ex-35, L E

e a2+ b2 | [Q.29, Ex-35, Loney] ?';

Prove that the directrices of the two parabolas that can be drawn to have their foci at any 8
given point P of the ellipse and to pass through its foci meet at an angle which is equal tog
twice the eccentric angle of P. [Q.28, Ex-35, Loney]

Suhag

An ellipse is rotated through a right angle in its own plane about its centre, which is fixed, ;;
prove that the locus of the point of intersection of a tangent to the ellipse in its original:
position with the tangent at the same point of the curve in its new position is

(x% + y2)(x% + y? — a% — b?) = 2(a® — b?) xy. [Q.26, Ex-35, Loney

Teko Classes, M
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3. HIGHLIGHTS ON HYPERBOLA
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perpendiculars is b2 - (semi C - A)?

The portion of the tangent between the paint by _bYf cont;

angle at the corresponding focus. Sece SeCe

(TANGENT AND NORMAL) :

2 2
H—-1 Locus of the feet of the perpendicular drawn from focus of the hyperbola X_z_ y2
a“~ b

upon any tangent is its auxiliary circle i.e. x> + y?> = a> & the product of the feet of these 8

act & therlrectnx subtends a rlght

x secH _ ytanf _ -1

The tangent & normal at any point of a \

hyperbola bisect the angle between the ’_>
focal radii. This spells the reflection v
property of the hyperbola as "An //l

incoming light ray " aimed toward (— ac,0

one focus is reflected from the oute
surface of the hyperbola towards the
other focus. It follows that if an ellipse ] ‘Z
and a hyperbola have the same foci,

they cut at right angles at any

of their‘common point. x=— 2

2 /2
X
Note that the ellipse-— + ]};—2 =1 and the hyperbola
a

confocal and therefore orthogonal.

The foci of the-hyperbola and the points

P and Q in which-any tangent meets the
tangents at the vertices are concyclic
with PQ as diameter of the circle. e 0)

/T F, (e*x1,0) G
acosb\,0)

X
a’-k

T xsecﬂ_ytane=1 A,
a b
(sec6-1)b
tan O Y

sin O

Family of circles through F,F,

)

1—cosO -a, —b cot
y=b 2

Cyclic
Quadrilateral

(x —ae)(x+ae)+y>+Ay=0 =  PQ as diameter ]

ASYMPTOTES :

Definition : If the length of the perpendicular let fall from a point on a hyperbola to a
straight line tends to zero as the point on the hyperbola moves to infinity along the hyperbola,

then the straight line is called the Asymptote of the Hyperbola.

Successful People Replace the words like; "wish", "try" & "should” with "I Will". Ineffective People don't.
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To find the asymptote of the hyperbola : =
<2 2 =
Let y =mx + c is the asymptote of the hyperbola ~ _Y_z =1. =
a b )
Solving these two we get the quadratic as g
(b%—a?m?) x> 2a2mcx —a2 (b2 +c2) =0 (D)
y
In order that y = mx + ¢ be an asymptote, bot X

coeff of x2 =0 & coeff of x = 0.

y
B g—t
roots of equation (1) must approach infinity, t a b
conditions for which are : B|(0.b) /
a, 0)

0
a
a?mc=0 =c=0.
B'[(0,-b)
) X 'y
.. equations of asymptote are _+B =0 / \
and X_Y 0. b
a b
x2 2

combined equation to the asymptotes a_2 —? =0.

PARTICULAR CASE :
When b = a the asymptotes of the rectangular hyperbola.
x> —y?=a’ are, y= = x which are at right angles.

Equilateral hyperbola < rectangularhyperbola.

If a hyperbola is equilateral then the conjugate hyperbola is also equilateral.

A hyperbola and its conjugate have the same asymptote.

The equation of the pair of asymptotes differ the hyperbola & the conjugate hyperbola by
the same constant only.

The asymptotes pass through the centre of the hyperbola & the bisectors of the angles
between the asymptotes are the axes of the hyperbola.

The asymptotes of a hyperbola are the diagonals of the rectangle formed by the lines drawn
through the extremities of each axis parallel to the other axis.

Asymptotes are the tangent to the hyperbola from the centre.

A simple method to find the coordinates of the centre of the hyperbola expressed as a
general equation of degree 2 should be remembered as:

Let f(x,y) =0 represents a hyperbola.

Kariya (S. R. K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.
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. of o . of of
Find =— & —. Then the point of intersection of —— =0 &— =0
ox  dy ox dy

gives the centre of the hyperbola.
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£
o
O EXAMPLES ON ASYMPTOTES K
P Ex.1 Find the asymptotes of the hyperbola, 3x2 — 5xy — 2y% — 5x + 11y — 8 = 0. Also find thes
S equation of the conjugate hyperbola. [Solved Ex. 325 Pg.294] I~
(@) ()
n>3* Ex.2 Find the equation to the hyperbola whose asymptotes are the straight lines §
@ 2x + 3y + 3 =0 and 3x + 4y + 5 = 0 and which passes through the point (1, — 1). Also write
o the equation to the conjugate hyperbola and the coordinates of its centre. =
= [Q.9, Ex-37, Loney] g
2 2 S
% Ex.3 Anormal is drawn to the hyperbolax_2 — Y_Z =1 at P which meets the transverse axis (TA) atQ
o8 a® b 3
- G. If perpendicular from G on the asymptote meets it at L, show that LP is parallel to;
8 conjugate axis. [Q.7, Ex-37, Loney] N
. N~
f [Sol. equation of GL with slope — a/b and passing through (ele, 0) is o
) y —0=—a/b(x - e’x,) °’
& ) b S
L ax + by = ae X .o(1) Yfaseco, bsecd) , Y= 7 X ¢
3 b > o
< put y="—x 2
= A 2
: b (ell)sece, E
% ax +.b- SXS ae’x, 5 N Ca §
(€*x1,0) o
2 X 2 +b° 202 g
% a =a‘e’x, X =44 ] <
o
; Ex.4 Atransversal cuts the same branch of a hyperbola x?/a® — y2/b? = 1 in P, P” and the asymptotes,;
o in Q, Q’. Proveithat : (i) PQ = P'Q" & (ii)) PQ'=PQ T‘;
S [Sol. TPT PQ =PQ" and PQ =PQ =
o) b?x? — a?y? = a?b? ; Let the transversal be y = mx + ¢ <
© 2.2 _ 2 2 _ 00 o
_5 b“x~ — a“(mx + ¢)- = a‘b o
© (b2 — a?m?)x? — 2a’mex — a%(c? + b?) =0 g
o y (X3.¥3) c?)
3 X, +X 2a’mc "
5 1 > 2 =b2_ ) (1) P(x1,y1) %
b . L ol L =
T solvingy =mx + ¢ with b’x? —a%y?> =0 : X @
O (b2 — aZm?)x2 — 2a’mcx — a%c2 =0 (2) @
c ) P'(x2.y5) L—“)S
(33 X3+X, _ 2a'me 3 x yQ' o
() 2 b2 — a2m>2 - (3) Y4 E’
I MQ = MQ
o
L

also MP = MP'

PQ =PQ" ]
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S

2 2 a

The tangent at any point P of the hyperbolax_2 _y_2 =1 meets one of the asymptotes in Q3
a“~ b Q

and L, M are the feet of the perpendiculars from Q on the axes. Prove that LM passesc%
through P. [Q.7, Ex.48, (Pillay)] Q

HIGHLIGHTS ON ASYMPTOTES :

If from any point on the asymptote a straight line be drawn perpendicular to the transverse
axis, the product of the segments of this line, intercepted between the point & the curve is
always equal to the square of the semi conjugate axis.

Perpendicular from the foci on either asymptote meet it in the same points as the corresponding
directrix & the common points of intersection lie on the auxiliary circle.

b y D,
y = N X ...(1)
" | ab
a e’e,
y-0==(x-20) Vo .
(-ac,0) F> F/(ac.0)
by +ax = a%e ()
b? JK
—+a XL 42

a (S. R. K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.

a a? bAnaltbih
(b2 +ad)x=a: a%e e’ el a’
a ba b
(a%e?)x = a’ae = . x=—; hencey=——=— |
e ac ¢
<2 2
The tangent at any point P on a hyperbola — = y_2 =1 with centre C, meets the asymptotes.>
a” b S
X

in Q and R and cuts off a A CQR of constant area equal to ab from the asymptotes & thep’
portion of the tangent intercepted between the asymptote is bisected at the point of contact. &
This implies that locus of the centre of the circle circumscribing the A CQR in case of a>
rectangular hyperbola is the hyperbola itself & for a standard hyperbola the locus would be :;
the curve, 4(a?x?> —b?%y?) = (a®> +b?)2.

1 a(S+T) bS+T)

1
_—-| 0 o 1
Area of AQCR = 5 a(S—=T) -bS-T) 1

ab
=_ E[_(l) — 1] = ab = constant

Teko Classes, Maths : S

xsecO ytan® _1.

Area of AQCR is constant = ab . b ;
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b xsecO _ (tan 0)x

solving it with y = % 1

a a

P (a secO, b tan)
(h,k),

a
X:S_T =a(S+T) = x:a(S—T) yz—%x

TPT 4(a’x?>—b?%y?) = (a®>+b?)?
h2+Kk=h-aS+T)2=2@S +T)ah+kb)=0 ..(1)
(S — T)%(a2 + b2) = 2(S — T) (ah — kb) = 0 o 2)
(HxQ2) = (a2+b?)?=4a’*>-b%?)]
2 2

H-4 If the angle between the asymptote of a hyperbola X_2 —Y_z =11is 20 then e = secH.
a~ b

RECTANGULAR HYPERBOLA :
Rectangular hyperbola referred to its asymptotes as axis_of -eoordinates.
Equation is Xy = c2 with parametric representation x = ct, y =c/t, t € R = {0}.

~~
=}
~

1

(b)Equation of a chord joining the'points P.(t,) & Q(t,)is x +t, t, y = c (t, +t,) with slope m= — tt
12

~
)
~

X
Equation of the tangent at P (x, ;) 18 2 Y 2o &atP (t) is ?+ ty = 2¢.
X N

c

(d) Equation of nermal : y — ? = t3(x — ct)

(e)  Chord with a given middle point as (h, k) is kx + hy = 2hk.

[Explanation : (e) Chord with a given middle point b )Q
2h=c(t, +t,) ’

[1+1J [t1+t2] 2h h Fmﬁ
2k:C T =¢ = ; K t.t.= —
4 12 4t 2k

1 k
now equation of PQ is, y—k=- Tt (x—h)=—H(x—h)
192

+
=<

hy — hk = — kx + hk =  kx+hy=2hk =

=gl
Il
[\

(f)  Equation of the normal at P (t) is xt®> — yt = ¢ (t*—1).
Ex.1 Find everything for the rectangular hyperbola xy = c2.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

—
%!
@)
=
[E—

eccentricity =,/  (angle between the two asymptotes = 90°)

>

asymptotes x=0;y=0
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TA. :y=x; CA.:y=-x
centre (0, 0)
vertex (c,c) & (-c, —¢)

Foci (c 2,(:\/5) and (—c+/2,—c~/2)

Length of Latus rectum = Length of T.A. (in case of rectangular hyperbola) = 24/2¢

Equation of auxilliary circle : x* + y? = 2¢?
Equation of director circle : x> + y> =0

WX N R Ww

[S—
<

Equation of the directrices : X + y = £4/2¢

11.Co-ordinates of the extremities of latus rectum-in the 1% quadrant A ((\/5 + 1), (V2 — 1)(;)
2

Ex.2 A rectangular hyperbola xy = c“ circumscribing a _triangle also passes through the

Phone : 0 903 903 7779, 098930 58881.

orthocentre of this triangle.-If [cti,tEJ 1 =1, 2, 3 be the angular points P, Q, R thenZ

i

—C
orthocentre is [—,—Ct1t2t3].
161
1
[Sol. slope of QR'=- (1
243

slope of PN = t,t,
equation of altitude through P

c
y— © = Lt(x —ct))
1

¢
y+ct1t2t3:t—+xt2t3
1

C
y+ct1t2t3=t2t3[x+tttJ ..... (1)
17273

EE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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(1) is suggestive that orthocentre is {—Ca_Ctltztg)]
1tats
E Ex.3 If a circle and the rectangular hyperbola xy = ¢* meet in the four points t,, t,, ty & t,, then
@ =1
(b)  the centre of the mean position of the four points bisects the distance between the centres of
Successful People Replace the words like; "wish", "try" & "should” with "I Will". Ineffective People don't.
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(d)

»n
o
=

the two curves.
the centre of the circle through the points t;, t, & t, is :

{C[t+t b+ ]C[—1+—1 ML J}
Py 273 Y 17273
2 tioty )20ttty

If PQRS are the four points of intersection of the circle with rectangular hyperbola then
(OP)2 4+ (0OQ)2 + (OR)? + (0OS)? = 412 where r is the radius of circle.

y
Let the equation of the circle be
X2+ y?+2ex+2fy+d=0  ...(1)
solving with xy = ¢?

Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

(&)
4 2 0
C o
X2+ 3 +2gx+2f- & +d=0 R e
X X
x* +2gx3 + dx? + 2fc’x + ¢c* =0 (1) S
4

from (1) X X,X3X, = C
cHtttd=ct . = tttt,=1v= | (a

X

again, centre of the mean position of 4 points of intersection = ,

S

now from (1)

g
B

X, +X, + X, +%x,=-2¢g . (2); hence

using xy = c?

2

X X1X2X3X4

r 1 1 1 c c? )
Yi +Y2+Y3+Y4=C{_+_+_+_}=— ZX1X2X3:C_4(_2fC )=—2f

1 X2 X3 Xy
Y f [in &j (_E _EJ
=— — :; Hence ) = 5

4 ) 4 4 ) 2 2
centre of the circle through PQR i.e. (- g, —f) is given by

2 ’ 2

1 I 1 1 ¢ttt
E{(t1+t2+t3)+ } E{—+—+—+M}
2 Lt |° 20t t, ty 1

(OP)? + (0Q)? + (OR)? + (0S)> = 4r> where r=g>+f2=d

(using t t,t,t, = 1)

LHS (x12+x§+x§+Xi)+ (y12+y§+y§+yﬁ)
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2
1 I
(4g? - 4d) + c* Lz—J —22

2
1 4
(4% - 4d) + c* {—lexm} T, 2N
1

C C

i 2
(4g? — 4d) + c* {%(—2&2)} —4—f]

:(4g2—4d)+(;Lf2—4d):4[g2+f2—d]:4r2 ]
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