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Trigonometric Ratios
& ldentities

1. Basic Trigonometric Identities:
(@) sin20 +c0s26 =1; —1<sin®<1; -1<cos6<1 V 0eR
(b) sec2® —tan20 =1 ; |secod| =1 Vv B¢ R—{(2n+1)g,ne1}
(c) cosec?0 —cot2f =1 ; |cosec®| =1 v 6 e R- {n, nel}

Solved Example # 1

Prove that
(i) cos*A —sin*A + 1 = 2 cos?A

tanA +sec A -1 1+sinA

(ii)

tanA—-secA+1 ~  cosA
Solution
(i) Ccos*A —sin*A + 1
= (cos?A — sin?A) (cos?A + sin?A) + 1
= c0s?A —sin?A + 1 [.. cos?A + sin?A = 1]
= 2 Cos?A

. tanA +sec A -1
(i) tanA —sec A +1
tanA +sec A —(sec®? A—tan® A)
tanA —sec A +1

(tanA+secA)(1—secA+tanA)
tanA —sec A +1

1+sinA
cosA

tan A+ sec A =

Solved Example # 2

If sin X + sin®x = 1, then find the value of
c0s™Xx + 3 cos'°x + 3 cos®x + costx — 1
Solution

cos'x + 3 cos™x + 3 cos®x + cosx — 1
= (cos*x + cos?x)® — 1
= (sin®x + sinx)® — 1 [ cos®x = sin x]
=1-1=0
Solved Example # 3

1 1
Iftan 8 = m — —, then show thatsec 8 —tan 6 =—-2m or —

4m 2m
Solution
: N 4m? +1
Depending on quadrant in which 6 falls, sec 6 can be + r:er

am? +1 1

am " am

So, if sec 6 =
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1 1
— - — i e _|lm+—
= sec O —tan 6 = om and if sec 6 = ( 4m]

= secO—tan 6 =-2m

Self Practice Problem

1. Prove the followings :
(i) cos®A + sin®A + 3 sin®A cos?A =1
(ii) sec?A + cosec?A = (tan A + cot A)?
(iii) sec?A cosec?A = tan?A + cot?A + 2
(iv) (tan o + cosec B)2— (cot p —sec a)? = 2 tan a cot B (cosec a + sec fB)

1-sin? a.cos? o

1 1
( > O P ) cos?a sin%a =
sec” o —Ccos“ o cosec o —sin® o

v)

, m? +2mn m? +2mn
2. If sin® = —————— ,thenprove thattan6= ———
m< +2mn+2n 2mn+2n
2. Circular Definition Of Trigonometric
ing_ M .
sin =0oP c0s 0 = oP
sin‘®
tane=—cose,cose¢0
cos 6
cote_sine,sme;to
1 .
sec 0 = ,cos0 %0 cosec O ==——,sinB6=0
sO sin®

3. Trigonometric Functions Of Allied Angles:

2+sin? a.cos® o

Functions:

Y

'\

N

)

If 6 is any angle, then — 6,90 £ 6, 180 £ 6, 270 £ 6, 360 + 6 etc. are called ALLIED ANGLES.

(a) sin (- 0) = —sino ; cos (— 0) = cos6

(b) sin (90°—-0) =cos® ; cos (90°-0) = sin®O

(c¢) sin (90°+ 0) =cosO ; cos (90°+ 0) = —sin®
(d) sin (180°-0) =sin® ; cos (180°-0) = —cos0
(e) sin (180°+ 6) = —sin® ; cos (180°+ 6) = — cos 6
(f) sin (270°-0) = —cos® ; cos (270°—-0) = —sin®
(g) sin (270°+ 6) = —cos®6 ; cos (270° + 6) = sin©®

)
(h) tan (90°-0) = cot6 ; cot (90°-0) =tan®
Solved Example # 4

Prove that
(i) cot A +tan (1802 + A) + tan (902 + A) + tan (3602 —A) =0
(i) sec (270° — A) sec (902 — A) —tan (2702 — A) tan (902 + A) + 1

Solution
(i) cot A + tan (1802 + A) + tan (902 + A) + tan (3602 — A)
=cotA+tanA—-cotA-tanA =0
(i) sec (270%2 — A) sec (902 —A) —tan (2702 — A) tan (902 + A) + 1
=—cosec?A +cot?tA+1=0
Self Practice Problem
3. Prove that
(i) sin 4202 cos 3909 + cos (—300°9) sin (—3309) = 1
(ii) tan 225° cot 405° + tan 765° cot 675° =0

0
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Graphs of Trigonometric functions:

(@) y=sinx xeR;yel[-1,1]

N a2 ) ﬂ@%‘c X

(b) y=cosx xeR; ye[-1,1]

DR

va

7 Tt/2\n:/3n/2 o X

(c) y=tanx xe R=(2n+1)n/2,nel; ye R

y
—n/2 0 /2 o 7t/2
(d) y = cotx xeR=nn,nel; yeR
y
-n| -n/2 0 /2 n| 3n/2 2n

(e) y = cosec x

xeR —nn,nel; ye (—o,—1] U1, )

| —m/2 o m2 T 3n/2

2m

(f) y=secx xeR—(2n+1)m2,nel; ye (—w, -1 U[1, =)
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—t| —/2 ol =2 T| 3n/2 2

Solved Example # 5

Find number of solutions of the equation cos x = ||

Solution
N
A/’\Jr
yﬂ

g
(]
& 2 AN
2 2 L iN/iNZ ,
2 T\ z
Q
=] Y= COSX
35
=
2
= Clearly graph of cos x & |x| intersect at two points. Hence no. of solutions is 2
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Solved Example # 6

Find range of y ='sin® + 2 sin x + 3.¥-x € R

Solution

We know —1 <sinx <1
= 0< sinx+1<2
= 2<(sinx +1)2+2<6

Hence range‘is y € [2, 6]

Self Practice Problem

4x
Show that the equation sec26 = x Y is only possible whenx =y #0

+y)?

Find range of the followings.

(i) y=2sin?>x +5sinx +1Vxe R Answer [-2, 8]
3
(ii) y=cos?x —cosXx +1 VxeR Answer {Z’ 3}
. . 2n 1 V3
Find range of y = sinx, x e | - 2n Answer b

Trigonometric Functions of Sum or Difference of Two Angles:

(@) sin (A £ B) = sinA cosB * cosA sinB
(b) cos (A £ B) = cosA cosBF sinA sinB
(c) sin2A — sin?B = cos?B — cos?A = sin (A+B). sin (A- B)
(d) cos?A — sin?B = cos?B — sin?A = cos (A+B). cos (A—- B)
tan A ttanB
(€) tan(A£B) = {1 ianAtanB
cotAcotBF1

) cot (A£B) ="  iB+cotA
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tan A +tanB + tanC—tan A tanBtanC
1-tanAtanB-tanBtanC-tanCtanA -

(9) tan(A+B +C) =

Solved Example # 7

Prove that
(1) sin (452 + A) cos (45% — B) + cos (45% + A) sin (45° - B) = cos (A — B)

(ii) tan (%W] tan (%nwj =—1

Solution
(1) Clearly sin (452 + A) cos (45° — B) + cos (452 + A) sin (452 — B)
= sin (45% + A + 45° - B)
sin (902 + A-B)

=cos (A—-B)
37
g (ii) tan (EJF@] x tan (—erj
8 4 4
%
@ 1+tano —-1+tano
g “ 1-tan® * 1+tane
3 Self Practice Problem
[<P]
E?. If sin o = E,cosB: i,then find sin (o + B) Answer _ﬁ’ &l
= S 13 65’ 65
=
8 Find th I fisin 1052 A \/§+1
. ind the value of sin nswer 2\/5

©

A A
Prove that 1 + tan A tan 3= tan A cot ) ~1.=secA

6. Factorisation of the.Sum or Difference of Two Sines or
Cosines:
C+D C-D C+D C-D
(@) sinC + sinD =2 sinL cos—— (b) sinC —sinD = 2 c:osL sin——
2 2 2 2
C+D C-D C+D C-D
(c) cosC + cosD =2 cos% cosT (d) cosC—-cosD=-2 sin% sinT

Solved Example # 8

Prove that sin 5A + sin 3A = 2sin 4A cos A
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Solution
L.H.S. sin 5A + sin 3A = 2sin 4A cos A = R.H.S.
C+D C-D
[~ sin C + sin D = 2 sin ; cos 5 ]

Solved Example # 9
Find the value of 2 sin 36 cos 6 — sin 46 — sin 26
Solution
2sin30cos6—sin40 —sin20=2sin30cosO—-[2sin30cosB]=0

Self Practice Problem
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10. Proved that

- 3 5 o gip 13X o 3X . _SinA+sin2A A
(i) Cos 8x — C0s 5x = —2sin —~ sin (i) cosA_cos2A = cot 5
sinA +sin3A +sin5A +sin7A tan 4A
(i) cosA +cos3A +cos5A +cos7A an
i sinA +2sin3A +sin5A sin3A
V) sin3A +2sin5A +sin7A ~ sin5A
sinA —sin5A +sin9A —sin13A { 4A
v) cosA —cos5A —cos9A +cos13A co
7. Transformation of Products into Sum or Difference of Sines &
Cosines:
(@) 2 sinA cosB = sin(A+B) + sin(A-B) (b) 2 cosA sinB = sin(A+B) — sin(A-B)
=
?g (c) 2 cosA cosB = cos(A+B) + cos(A-B) (d) 2 sinA sinB = cos(A-B) — cos(A+B)
[}
%]
§ Solved Example # 10
2
Z Prove that
[<P]
= , sin86cos 6 — sin66cos 30 tan 26
E (M) c0S20c0s0—Sin30sin46 an
=
. tan560 +tan36
(ii), T a1 an =4 co0s260cos 46

tan50 —tan 360
Solution

) 2sin86cos6 —2sin66cos 36
(M 2c0s20cos0—2sin30sin40

sSin96 + sin76 — sin96 — sin36 2sin206cos56
= c0s30+CcosH—cosO+ces70. - 2cos50cos20

= tan 20

. tan50+tan36 sin50c0s 30 + sin36co0s56 sin86
(i) tan50 —tan30 ~ sin50cos30-sin30cos50 | sin20

= 4 c0s26 cos 460

Self Practice Problem
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. 06 70 . 306 . 116 . .
11. Prove that sin 5 sin > + sin > sin > = sin 20 sin 50
12. Prove that cos Asin (B—C) + cos Bsin (C—A) +cosCsin(A-B)=0
13.  Prove that 2 cos -~ cos —~ 3n SLIS
. rove that 2 cos 15 cOS 3 +C0S 3 +C0S | =

8. Multiple and Sub-multiple Angles :
. . . . 0 0
(a) sin 2A = 2 sinA cosA ; sinf =2 smE cosE

0 0
(b) cos 2A = cos?A — sin2A = 2c0s?2A—-1=1-2sin2A; 2 cosZE =1+ c0s0,2 sinZE =1-cos6.

tan 2A = 28R g o
©) AN A= an?A Y T tan 28
g o op _2tan A oA 1-tan?A
@ SN A= tan2 A ©%° 7P T an?a
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(e) sin 3A = 3 sinA— 4 sin®A () cos 3A = 4 cos®A — 3 cosA

3tan A —tan°A

A =
@ tan3 1-3tan?A
Solved Example # 11

Prove that

. sin2A A

) 1+Cc0s2A tan

(ii) tan A+ cot A=2cosec2 A

1—cosA +cosB-cos(A+B) A B
(i) 1+cosA —cosB—cos(A+B) ~ tan = cot
Solution
, LH.S sin2A 2sinAcosA A
0 M5 Tl cos2A = 2c0s?A A"
i 1+tan® A 1+tan? A
1—=cosA +cosB-cos(A +B)
(iii) L.H.S.
1+ cosA—cosB-cos(A +B)

23in25+23inésin A+B
2 2 2

2cos? % | 20032003(2 + B)

=2cosec2 A

Pon
COS|
2

siné+sin A+B 2sinAJr
= tan A 2 2 = tan A
2 cosé—cos A+B 2 2sinAJrB
2 2
= tan A cot E
- 2 2
Self Practice Problem
14 P that sSin® +sin26 tan 6
. rovethat 4 cos6+cos20 = &N

3
15. Prove that sin 202 sin 4092 sin 602 sin 802 = 16

16. Prove that tan 3A tan 2A tan A =tan 3A —tan 2A —tan A

o A
17. Prove that tan 45‘+E =sec A +tan A

9. Important Trigonometric Ratios:

(@) sinnt=0 ; cosnm=(-1)" ; tannmn =0,

wherene 1
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5 sintsvor sin < 33 75° x
(b) sin or sm12 = o2 = COS or cos 12 ;
15° LA CC——-
cos or cos = of2 = sin or sin 5 ;
J3-1 J3+
tan15 =\/§+1 =2—\/§=cot75 ;tan75 =\/§_1 =2+\/§ =cot 15
T — T
(c) sinT—= or sin 18°=@ & cos 36°0rcos - = 5+
10 4 5 4
10. Conditional Identities:

If A+B+C=m then:

g (i) sin2A + sin2B + sin2C = 4 sinA sinB sinC

<&

A A B C

§ (i) sinA + sinB + sinC = 4 cos— cos— cos—

a 2 2 2
Q
3 (iii) cos 2A +.cos2B+ cos2C=-1-4cosAcos B cosC
(<5}
= A B C
2 (iv) cos A+ cosB +cosC=1+4sin—- sin sing
= 2 2 2
s

v) tanA + tanB + tanC = tanA tanBtanC

) fant tans +tan> tan +tan> tant =1
(vi) an2 an2+an2 an2+an2 an2_

(vii) cotA cotE cotg = tA c tE cotg
Vii 5t 5 * 2_c02.02. 5

(vii)  cot Aicot B + cot B cot C + cot C cot’'A =1
(ix) A+B+C=g then tan AtanB +tanBtanC +tanCtan A =1

Solved Example # 12
If A+ B+ C =180° Prove that, sin?A + sin?B + sin?C = 2 + 2cosA cosB cosC.

Solution.
Let S = sin?A + sin?B + sin?C
so that 2S = 2sin?A + 1 — cos2B +1 — cos2C
=2 sin?A + 2 —2cos(B + C) cos(B - C)
=2 -2 cos?A + 2 -2cos(B + C) cos(B—-C)
. S =2 + cosA [cos(B — C) + cos(B+ C)]
since cosA = — cos(B+C)
: S=2+2cosAcosBcosC

FREE Download Study Package from website:

Solved Example # 13

2x 2y 2z 2x 2y 2z
2 T 2 *t 2~ 2" 2 2"
1-x 1-y 1-2z 1-x? 1-y° 1-z

If X +y + z = xyz, Prove that

Solution.
Put X =tanA, y = tanB and z = tanC,
so that we have
tanA + tanB + tanC = tanA tanBtanC = A+B+C=nxn,wherenel
Hence
L.H.S.
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2x 2y 2z 2tanA 2tanB 2tanC
1-x2 T 1-y? T 1222 T 1_tan?A T 1-tan?B T 1-tan2C”
=tan2A + tan2B + tan2C i A+B+C=nmn]
=tan2A tan2B tan2C
2x 2y 2z

T-x? T 1-y? 122
Self Practice Problem

18. If A+ B+ C=180°, prove that

B-C C-A A-B

(i) sin(B + 2C) + sin(C + 2A) + sin(A + 2B) = 4sin 5 sin 5 sin 5

. sin2A +sin2B + sin2C 8 s A B 9

(i) sinA+sinB+sinC — °°onp SNy SN
19. If A+ B+ C = 2S, prove that

(i sin(S — A) sin(S — B) + sinS sin (S — C) = sinA sinB.

. . . , , . A B . C

(i) sin(S—A) +sin (S-B) + sin(S—C) —sin S = 4sin > smE smE.
11. Range of Trigonometric Expression:

E=asin6 +bcosHb

b
E =./a%+b? sin (8 + o), where tan @ N

a
=Ja%+b? | cos (6= B), where tan B =5

Hence for any real value of 8, —,/a2+b? < E<+/a?+b?

Solved Example # 14

Find maximum and minimum values of following :

(i 3sinx + 4cosx
(i) 1 + 2sinx + 3cos?x
Solution.

(i We know

— V32442 < 3sinx + 4cosx < /32 + 42

—5<3sinx + 4cosx <5
(i) 1+ 2sinx + 3cos?x
= — 3sin?x + 2sinx + 4

. 2sinx
=—3(S'” X - 3 j+4

N 0< sinx—12<E
ow 9= 3) © 9

E< 3 sinx—12<o
= —3_— 3 <
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1< 3[sinx—lj2 E<E
- 3) "33

Self Practice Problem

20. Find maximum and minimum values of following
(i) 3 + (sinx — 2)? Answer max = 12, min = 4.
(i) 10cos2x — Bsinx cosx + 2sin2x Answer max = 11, min = 1.
T
(iii) cosf + 3+/2 sin (9+z] +6 Answer max = 11, min = 1

12. Sine and Cosine Series:

. np
. sin—5- 1
sino + sin (a + B) + sin(o + 2B ) +...... +sin(a+n_1[3)= B sin(o“r—B]
sing
2
Sinn—B n -1
cosa + cos(a+ P) +cos(a+2B) +...... +cos(a+n_1[3)= B COs OHTB
siny
2
Solved Example # 15
Find the summation-of-the following
0] cosg cosﬂ cos%
! 7 TS T8y
(ii) cosE OSE co 3z cosﬂ cos@ C s%
1l 7 + C 7 + S 7 + 7 + 7 + CO 7
(iii) cosl cos% cos@ cosE cos%
11 T TP TR TP
Solution.
2n 67
7+7
00377 / sin37t
2 4 6 7
(i) 00577c + 00377E + cos7n= 2 I
sin—
4t . 3n
cos—-sin—
sin—
3n . 3¢
—Ccos—-sin—-
_ 7 7
sin™
7
. 6w
sin—-
2sin ™ 2
7
(i) cosE cosg cos% cosﬂ cos@ cos@
7 TEOSTy TEOSTT T E0STT E0ST 008
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T 67
777 61
cos 77 sin—
2 14 T . 6T
cos— sin—
B B 2 14 _0
) sin ™ C sn®
14 14
(iii) cosl cos% cos@ cosﬁ cos%
17 T EOSTy T EOSTY TOOSTY T OO
10n . 57 . 10w
C0S ——sin — sin ——
I RIRT "1
- LT B T2
sin— ad
11 2sin
Self Practice Problem
= . .
g Find sum of the following series :
®
%]
175}
%21 cos T cos Sm cos Sn to n terms
o on+l T on+l T on+d T * ’
=
S
= 22, sin2o + sin3o +.sin4a + ..... + sin na, where (h + 2)a = 2n
-3
3
=
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Answer

Answer
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