FREE Download Study Package from website: www.tekoclasses.com

faeT femma i o, TE aed ®M, fauiy 3@ SIS A 7AW A9 B AW |
qeY fHE Ghed &Y, Wed Uit o, S T 8IS &Y #l, X T <H |
eftm: moa g# gidar

&g A euBls el AEIeIor

STUDY PACKAGE

Subject : Mathematics
Topic : Properties of Triangle

Heke

CLASSES

..... the support

1. Theory

2. Short Revision

3. Exercise (Ex. 3 + 2 = 5)
4. Assertion & Reason

5. Que. from Compt. Exams
6. 39 Yrs. Que. from lIT-JEE
7. 15 Yrs. Que. from AIEEE

Student’s Name

Class
Roll No.

Address : Plot No. 27, lll- Floor, Near Patidar Studio,
Above Bond Classes, Zone-2, M.P. NAGAR, Bhopal
2. 0903903 7779, 9893058881, WhatsApp 9009 260 559
www.TekoClasses.com www.MathsBySuhag.com

Page : 1 of 21 PROPRETIES OF TRIANGLE

98930 58881 , BHOPAL

TEKO CLASSES, H.0.D. MATHS : SUHAG R. KARIYA (S. R. K. Sir) PH: 0 903 903 7779,



FREE Download Study Package from website: www.tekoclasses.com

Properties & Solution of Triangle

1. Sine Rule:
In any triangle ABC, the sines of the angles are proportional to the opposite sides i.e.

a b ¢
sinA  sinB  sinC’

")
cos
+b 2

a
Example : In any AABC, prove that = C
¢ sin—
2
"2
cos
. a+b 2
Solution. We have to prove = C .
¢ sin—

From sine rule, we know that
a b

snA = sinB ~ sinc — k(€Y
= a =k sinA, b =k sinB and ¢ = k sinC

a+b

LHS. = —
Cc

A-B

, (A+Bj (
sin cos
k(sinA +sinB) 2

2

)

ksinC

C A-B A-B
COS— COS
S > ( 5 J cos[ 5 j
) sin 2 cos C ) sin C
2 2 2
= R.H.S.
Hence L.H.S. = R.H.S. Proved
xample : In any AABC, prove that
(b%2 = c?) cot A + (c? — a?) cotB+ (a2-b?) cotC =0
We have to prove that
(b2 —c?)cot A +(c?—a?cotB + (a2-b?) cotC=0
from sine rule, we know that
a=ksinA, b = k sinB and ¢ = k sinC
(b2 —c?) cot A = k2 (sin?B — sin2C) cot A
sin?B — sin2C = sin (B + C) sin (B - C)

E
Solution.

.G C
sin —cos
2 2

(b2 —c?) cot A= k2sin (B + C) sin (B — C) cotA B+C=n-A

cosA

(b2=c?)cotA =k2sinAsin(B-C) ——— cosA = —cos(B + C)

sinA
=—k2sin (B-C) cos (B + C)
2
=— k? [2sin (B — C) cos (B + C)]
k2
= (b2=c?®) cotA = — 3 [sin2B-sin2C] ... (i)
k2
Similarly (c2—a?) cotB=- 3 [sin2C -sin 2A] ...l (i)
k2
and (a2-=Db? cotC= — > [sin2A-sin2B] ... (iii)
adding equations (i), (ii) and (iii), we get
(b2 —c?) cotA+ (c2—a?)cotB + (a2—b?) cotC=0 Hence Proved

Self Practice Problems
In any AABC, prove that

1. asin |5 = (b + ¢) sin 5 |-
0 asinB-C) _b*sin(C-A) c®sin(A-B) _ 3 c lanyttany
) sinB+sinC ' sinC+sinA ' sinA+sinB ) a-b ~

A B~
tan——tan—
2 2
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2. Cosine Formula:

b* +c? —a?

(i) cosA=T or a2=Db2+ c2-2bc cosA=Db2+ c2+ 2bc cos (B + C)
C
2442 _p? 2 p2 o2
(i) cosB= — & — 2 (i) cosC = ~ 1> —¢
2ca 2ab
Example : In a triangle ABC if a=13,b =8 and c = 7, then find sin A.
Soluti N A b%2+c2-2a° 64 +49-169
olution. . COsA = T = 587
A A 2n
= CosA=- 3 = =3
2w
SinA = sin 3 = % Ans.
*Example : In a AABC, prove that a(b cos C — ¢ cos B) = b% - ¢?
Solution. We have to prove a (b cosC —c cosB) = b2 - c2.
from cosine rule we know that
2 2 2 2 2 2
a“+b“-c a“+c“-b
C =—F77-—— & B=——7—
cos 2ab cos a0

b a®?+b%-¢c? e a®?+c?-p?
LHS. =a oah s

a?2+b%2-c?2 (a®+c2-b?)

2 2
= (b2 —c?) = R.H.S.
Hence L:H.S. = R.H.S. Proved
a b c a
Example : If in"a AABC; £A = 60°then find the value of 1+E+g 1+B_B :

Solution. /A =60°

a b c a
1+—+—/|1+==—
o355

c+a+b b+c-a
S (5%
(b+c)® -a
bc
(b? +c?=a®)+2bc
bc
b2 +c?-a?

= b *?

b2 +c%-a2
=2 2bc +2

1
=2C0SA + 2 - ZA=60° = cosA=E

[1+3+9][1+3—3j
c ¢ b b =3 Ans.

Self Practice Problems :
1. The sides of a triangle ABC are a, b, ya? +ab+b? , then prove that the greatest angle is 120°.

A
2. In a triangle ABC prove that a(cosB + cosC) = 2(b + ¢) sin? o
3. Projection Formula:
(i) a = b cosC + c cosB (ii) b = ¢ cosA + a cosC (iii) c = a cosB + b cosA
Example : In a triangle ABC prove that a(b cosC — c cosB) = b2 — c?
Solution. L.H.S. =a (b cosC — c cosB)
=b(acosC)-c(acosB)  ............ (i)
From projection rule, we know that
b = a cosC + ¢ cosA = acosC =b —c cosA
& c =acosB + b cosA = a cosB =c —b cosA

Put values of a cosC and a cosB in equation (i), we get
L.H.S. =b (b—-ccosA)—-c(c—bcosA)
b2 - bc cos A—c? + bc cos A
b% - c?
R.H.S.
HenceL.H.S. = R.H.S. Proved

Note: We have also proved a (b cosC — ccosB) = b2 — ¢? by using cosine - rule in solved *Example.

Example : In a AABC prove that (b + ¢c) cosA+(c+a)cosB+(a+b)cosC=a+b+c.

Solution. LHS. =(b+c)cosA(c+a)cosB+(a+B)cosC
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bcosA+ccosA+ccosB+acosB+acosC+bcosC
(b cosA+acosB)+(ccosA+acosC)+(ccosB+bcosC)

a+b+c
R.H.S
Hence L.H.S. =R.H.S Proved
Self Practice Problems
In a AABC, prove that
1. 2 beos? S +ccos? 2 —a+b+ec.
2 2
cosB c—bcosA
cosC ~ b-ccosA "
3 cosA cosB cosC a?+b? +c?
’ ccosB+bcosC * acosC+ccosA ' acosB+bcosA 2abc
= 4. Napier’s Analogy - tangent rule:
8 (i) tan B-C —b;ccotA (ii)tanC_A —gcotE
4 2 b+c 2 2 ~c+a 2
2]
7] A-B a-b C
N 'TY] _ —
g (iii) tan T Tatb cot >
-q% Example : Find the unknown elements of the AABC in which a = +/3 + 1,b=43 -1,C=60°
N
§Solution. a=+3+1,b=4+3 -1,C%60°
2 .+~ A+B+C=180°
§ A+B=120° . (i)
E From law of tangent, we know that
= o (A-B) @by C
g M7y T a¥ ' 2
e
= WBHN-(6B=1) o,
gn T (W3+)+@3-1)
% 2 cot.30°
g " 23
) A-B
= -
% = tan ( > j =1
< . A-B _ % _ 450
= = A-B=90° . (ii)
= From equation (i) and (ii), we get
o A=105° and B=15°
a Now,
= b c
g From sine-rule, we know that SnA = sinB = sinC
=

asinC (\/§+1)sin60°

sinA ~ sin105°
W0y e
= W sin105° = o2
22
= c=.6
c=+6,A=105°B=15°  Ans.
Self Practice Problem
, 7 A
1. InaAABCifb=3,c=5andcos (B-C) = g,then find the value of tan o

1
Ans. 3
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- A - B
2. If in a AABC, we define x = tan (BZCJ tan ER y = tan (C A) tan - and z = tan (A

B tng
2 an s

then show that x+y +z =—xyz.

5. Trigonometric Functions of Half Angles:

) é (8=b) (s—¢) b)(s ©) , (8—0) (s—a) C)(s a) , g (s—a)(s—b)
(i) sin— = 2 = ab
. A s (s—a) s (s—b) s(s—c)
(i) cos 5 = be cos— ca cos— = ab
A
2

-b) (s—c¢) A h a+b+c . . . fri |
= S(S a) s(s—a) where s ——2 is semi perimetre of triangle.

(iii)  tan

(iv) s,inA=i Vss—a)s=b)s—c) = =
bc

6. Area of Triangle (A)

1 1 1
A= 5 ab sinC = 5 bc sinA = 5 ca sinB =/s(s—a) (s—b) (s—c)

A C
Example : Ina AABC if a, b, c are in A.P. then find the value of tan E.tan o
. A A C A
Solution. . tan > = s(s-a) and tan 2 = s(s-c)
A _C A2
- ~ _ —_— .. 2 _ _ = _
tan 2.tan2 = sz(s—a)(s c . A’=s(s—a)(s—b)(s—c)
an A an€ S
an - .tam 5 = = =1-
. itis given that a, b, c are in A.
= 2b=a+c
a+b+c 3b

-Umlo—v

()

T2 T2
putin equation (i)
.tan

. tan

N
=]
MO DO

Example : Ina AABC if b sinC(b cosC + c cosB) = 42, then find the area of the AABC.
Solution. bsinC(bcosC+ccosB)=42 ... (i) given
- From projection rule, we know that

a =b cosC + ccosB putin (i), we get
absinC=42 ... (i)

1
=3 ab sinC
A =21 sq. unit Ans.

C
Example : In any AABC prove that (a + b + ¢) (tan % + tangj =2c cotE .

Solution. LHS. =(a+b+c¢) (tan % + tangj

A (s— b)( ) 4 tanB o [B=3)(E-0)
tan2 = an tan2= s(s—b)

(s—b)(s—-c) (s—a)(s-c)
L.H.S. a+b+C S(S— + S(S—b)

s

s

—b }
==
a

Il

no

»

)
w ||l

o
m‘m s
| |
ol
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s-b+s-a E
=2 4/s(s-c) (s—a)(s—b) 2s=a+b+c %
2s-b-a=c E
c 3
=2 4/s(s—c) (s—a)(s—Db) 8
) s(s—c¢) tg s(s-c) E
=2 (s-a)(s-b) % “\s-a)s-b)  #
c g
=2c cotE A
= R.H.S. IS
Hence L.H.S. =R.H.S Proved “g
7. m-n Rule: X
A g
=™
a \B
g
o (m+n)cot6 = mcota — n cotP &l
§ = ncotB—-mcotC 0 3
2 B m D n c T
= [
é Example : If the median AD of a triangle ABC is perpendicular to AB, prove thattan A + 2tan B = 0. -
[}
§ Solution. From the figure;we see that 6 = 90° + B.(as 0 is external angle of AABD) 2
n
= =)
[}
:
3
§7
= D
S Now if we apply m-n rule in AABC, we get
(1 +1)cot(90 +B)=1.cot90°—1.cot (A—=90°)
g = —2tan B =cot (90°—-A)
= = —2tanB=tan A
® = tanA+2tanB=0 Hence proved.
=
_g Example : The base of a triangle is divided into three equalparts. If t,, t,, t, be the tangents of the angles £
= subtended by these parts at the opposite vertex, prove that
R 1 1T 1) (1 1
> 4\ 1+— | =|—+—| |+
g t2 ty ot )\t g
5
= Solution. Let point D and E divides the base BC into three equal partsi.e. BD = DE = DC =d (Let) and
< let o, B and ybe the angles subtended by BD, DE and EC respectively at their opposite vertex.
= = t, = tana, t, = tanp and t, = tany
§ Now in AABC
o BE:EC=2d:d=2:1
a from m-n rule, we get
= (2 +1) cote = 2 cot (o + B) — coty
= = 3cotd=2cot (w+ B)—coty ... (i)
& again
= in AADC

DE:EC=x:x=1:1

if we apply m-n rule in AADC, we get

(1 +1)coto =1. cotp — 1 coty

2coto =cotp—-coty L (i)
from (i) and (ii), we get

3cot6 2cot(o+p)—coty

2coté ~  cotB-coty

3cotP — 3coty = 4cot (o + B) — 2 coty
3cotP — coty = 4 cot (o + B)

cot oc.cotB—1}

Scotp —coty = 4 { cotp +cota

3cot?p + 3cota cotp — cotP coty — cota coty = 4 cota cotp — 4
4 + 3cot?B = cota cotp + cotp coty + cota coty

4 + 4cot?B = cota cotp + cota coty + cotp coty + cot?p

4(1 + cot?p) = (cota + cotp) (cotp + coty)

4|1+ 1 1 + 1 1 N 1
tan2p)  (tano tanp) (tanB tany

Uy
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A 1] (1+1
= | =7t
t2 t

Self Practice Problems :

)

1. In a AABC, the median to the side BC is of length
30°and 45°. Prove that the side BC is of length 2 units.
8. Radius of Circumcirice :

Hence proved

and it divides angle Ainto the angles of

__a b . c B abc
~2sinA 2sinB 2sinC  4A
s
Example : In a AABC prove that sinA + sinB + sinC = R
Solution. In a AABC, we know that
a b c oR
sinA ~ sinB ~ sinC ~
g i A- & singo 2
8 sin A = R’ sinB = R and sinC = R
8 , , , a+b+c
) sinA + sinB + sinC = a+b+c=2s
] 2R
i) 2s s
é = 2R = sinA + sinB + sinC = R
& Example : Ina AABC ifa=13 cm, b =14 cm and ¢ =15 cm, then find its circumradius.
S abc
=z Solution. R=— . (i)
S 4A
e A = \Js(s—a)(s-b)(s—c)
% a+b+c 51
2 = 5 =21cm
= J218.7.6 = 724232
g = A = 84 cm?
= _ 13.14.15 165 -
§” 654.84 8
% R = g cm.
]
~ A B C
%a Example : In'a AABC prove that s = 4R cosE. cosE. cosE .
2 Solution. In a AABC,
9]
= A s(s— B s(s—b) q 9 (s—c) dR - a_bc
g cos5 = 08 = \/—ca and cos 7 = ,/ an =
s A B C
E R.H.S. = 4R COS~ . COS . COS ™ .
bc s(s—a)(s—b)(s—c)
= - = _ _ _ _
= =— s \/ (abo)? A = s(s—a)(s—b)(s—c)
& =s
= = L.H.S.
Hence R.H.L =L.H.S. proved
E le : In a AABC, that ! ! ! 1_4R
xample : na provethat -~ + o+ ST "5 = A
1 1 1 1 4R
lution. -— = —
Solution 2t st s o s A
1 _1
LHS. = s_a s_c s
2s—a-b (s—s+c)
= (s—a)(s— b) s(s—c) 2s=a+b+c
c c
= (s—a)(s-b) * s(s—c)

|

s(s—a)(s—b)(s-c)

s(s—c)+(s—a)(s—b)} I:
=c

2s? —s(a+b+c)+ab

A2
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252 —s(2s)+ab abc 4RA 4R abc
L.H.S._c{ e =2 - 2 ~ A . R= A
= abc = 4RA
4R
L.H.S. = e
Self Practice Problems :
In a AABC, prove the followings :
1. acotA+bcotB+cosC=2(R+r).
s s s r
=1 |==1] |==-1] 2 —
2 BB R)-5
3. If o, B, yare the distances of the vertices of a triangle from the corresponding points of contact with the
incircle, then prove that (x—By =r?
oa+p+y

9. Radius of The Incircle :

i é ii t é b) t E t E
(i)r= S (ii)r=(s—a) tan 5 = (s—b) tan > = (s—c) tan >
Gy r = 2302 505 g (V) r = 4R sin > sin— sin—
r= cos 2 S0 on r= sin—= sin— sin~
10. Radius of The Ex- Circles :
(i)—A'—A'—A (ii)—té'—tE'—tE
r1_s_al r2_s_b re,_s_C fp=stan— r,=stan_ir,=stan-
acos? cos$ . A B C
(iii) r1=W & so on (iv) r1=4RS|n2.cosz.cos2
Example : In a AABC, prove that r +r, +r,=r=4R = 2a cosecA
Solution. LHS =r +r +r=7
A A A A
= + + - T
s—a s-b /s—=c S
[L+L [L_lj
=Als-a s-b)*A (s ¢ s
s-b+s-a s—s+cC
=A +
(s—a)(s—b) s(s—c)
c c
=A +
{(s—a)(s—b) s(s—c)}
s(s—c)+(s—a)(s—b)
€A | Ts(s—a)(s—b)(s—c)
2s® —s(a+b+c)+ab
= CA 2 a+b+c=2s
A
A ' T4
a
= 4R = 2acosecA : = 2R = acosecA
sinA
= R.H.S.
Hence L.H.S. =R.H.S. proved
Example : If the area of a AABC is 96 sqg. unit and the radius of the escribed circles are respectively
8,12 and 24. Find the perimeter of AABC.
Solution. A = 96 sq. unit
r,=8,r,=12and r, =24
A .
r = s_a = s—-a=12 ... (i)
A b-sg .’
r,= s—b = s-b=8 .. (i)
A
r3=a = s-c=4 . (iii)

adding equations (i), (ii) & (iii), we get
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3s—(a+b+c)=24

s=24

perimeter of AABC = 2s = 48 unit.
Self Practice Problems

In a AABC prove that

1. Pl + Il + 1,0 =8°
2, rr+r,+r,=ab+bc+ca-s?
3. IfA, A,,A,and A are the areas of the inscribed and escribed circles respectively of a AABC, then prove
1 1 1 1
thatﬁ:\/A—1+‘/A—2+\/A—3.
rn—r r,—r c
4. 1T + 2T = E

11. Length of Angle Bisectors, Medians & Altitudes :

2bc cos%
(i) Length of an angle bisector from the angle A=, = T ;
1

(i) Length of median from the angleA=m_ = B \2b% +2c% —a?

: 24
& (iii) Length of altitude from the angle A = A, = T

2 2 2 3
NOTE : m; + m; + m; =% (a% + b2 + c?)
Example : AD is a median of the AABC. If AE and AF are medians of the triangles ABD and ADC

2
a
respectively, and AD = m,, AE = m,, AF = m, then prove that m 2+ m_2—2m *= 3
Solution. In AABC

1
AD2? = s (2b? + 2¢2=a®)=m2 L (i)

1 a?
In AABD, AE?=m 2 = 7 (2c? + 2AD2 - T) ......... (ii)
imilarly i U B PV P
Similarly in AADC, AF? =m? = N 4 (iii)

by adding equations (ii) and (iii), we get

1 2 2 , a°
m22+m32=z 4AD" +2b° +2c ry

FREE Download Study Package from website: www.tekoclasses.com

2

1 2 2 _a

_ — | 2b*+2c° ——
—AD2+ 4 ( 2]

- AD? 1 2b2+202—a2+a—2

=AD? + l(2b2+202—a2)+ i
4 8

2

a
=AD? + AD? + —
+ *3
aZ
= 2AD? + ? AD? = m12
2
a
=2m2+ ?

2
a
m,? +m,2>—2m.? = 3 Hence Proved
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Self Practice Problem :

3. Ina AABC a=5,b=4,c=3.'G isthe centroid of triangle, then find circumradius of AGAB.
Ans >
© 12 V13

12. The Distances of The Special Points from Vertices and Sides of

Triangle:
(i) Circumcentre (O) : OA=R& O,=RcosA
A
(i) Incentre (1) : IA = rcosec; &l =r
anw A
(iii)  Excentre(l,) : LA=r, cosec—- &l =r,
(iv) Orthocentre (H) : HA=2RcosA& H,=2RcosBcosC
1 2A
(v)  Centroid (G) : GA =§\/2b2+2cz—a2 & G,=3
Example : If x, y and z are respectively the distances of the vertices of the AABC from its orthocentre,
then prove that
. a b ¢ abc .
(i) x+;+z=xyz (i) Xy+z=2R+r)
Solution. x =2R.cosA, y = 2R cosB, z = 2RcosC and
and a = 2R sinA, b = 2R sinB, ¢ =2R sinC
a b c
— +—+ — =tanA+tanB+tanC = il (i)
Xy z
& xyz = tanA.tanB. tanC.. | o .4l (i)
We know that inia AABC rtanA = II tanA

From equations (i).and (ii), we get
a b ¢ abc

x Ty Tz Yz
X+Y +z=2R (cosA + cosB + cosC)

A B C
in a AABC cOoSA + cosB + cosC'=1 + 4sinEsinEsinE

X+y+z=2R 1+4siné.sinE.sin9
2 2 2

=2 F%+4F%siné.sinE.sin9 r=4R sinA sinE sin9
2 2 2 2 2 2
XxX+y+z =2(R+r)
Self Practice Problems
1. If I be the incentre of AABC, then prove thatIA . 1B . IC = abc tang tan% tan% .

N

If x, y, z are respectively be the perpendiculars from the circumcentre to the sides of AABC, then prove

a b ¢ abc
that — + — + — = ———.
X z 4xyz

FREE Download Study Package from website: www.tekoclasses.com

13. Orthocentre and Pedal Triangle:

The triangle KLM which is formed by joining the feet of the altitudes is called the Pedal Triangle.
(i) Its angles are = — 2A, n — 2B and n — 2C.

(ii) Its sides are a cosA = R sin 2A,
b cosB =Rsin 2B and
c cosC = R sin 2C
(iii) Circumradii of_ the triangles PBC, PCA, PAB and ABC are equal.
14. Excentral Triangle:

The triangle formed by joining the three excentres I,, I, and I, of A ABC is called
the excentral or excentric triangle.
(i) A ABC is the pedal triangle of the AT, 1, L. (i) Its angles are

n An B =n C
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A
(iii) Its sides are 4 R cosz ,

4R cos— &4 R cos—
0032 COSZ.

. A
(iv) II1=4RS|nE;

B . C
112=4R3m5;113=4R3m5'

(v) Incentre I of AABC is the
orthocentre of the excentral
AT LI,
15. Distance Between Special Points :
(i) Distance between circumcentre and orthocentre
OH? = R2 (1 — 8 cosA cos B cos C)
(i) Distance between circumcentre and incentre
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A B C
Orr=R2(1 —85in§ sin — sin —)=R2-2Rr

2 2

(iii) Distance between circumcentre and centroid 2‘.'
1 o
OG2=R2—§(a2+b2+C2) g
Example : InTisthe incentre and I, I, I, are the centres of escribed circles of the AABC, prove that @
(i) IL,. 1L, . II, = 16R?r (i) 2+ L2 =112+ LI2 =112+ |2 -
Solution. (i) - We know that ]
II A I, =b s d 1 ¢ 0
y=asecw, I, =bsecs an s =Csecy p
C A B a
LI =c. cosec— , LI,=a coseC> and LI, =b cosec o

A B C ,

I, A1, . 11, = abc sec Sec, .sect L ... (i)

a=2R sin A, b =2R sinB and ¢ =2R sinC
equation.(iy’becomes

A B C
II,. II, . I, = (2R sin.A) (2R sin B) (2R.sinC) secE secE secE

. A A . B B . C C
2sin—cos — || 2sin—cos — || 2sin — cos —
R 2 2 2 2 2 2

= 8R°. A __B__C
COS— . COS—.COS—
2 2 2
64R? sinésingsin9 x r=4R sinésinEsin9
- 2 .2 2 ’ - 2 2 2
I, . II, . I, = 16R"r Hence Proved
o 2 2 2 2 2 2
(ii) I+ LL =11+ LI =11 + LI,
A A a?
I+ 11" = a* sec? o +a?cosec? 5 = — 21—
sin® = cos?
2 2
A A 16 R? sinzg.coszg
a=2RsinA=4Rsin 5 cos 2+ LL° = Y Y = 16R?
Sin E.COS E
Similarly we canprove IL2+ LI2=1L2+112= 16R?
Hence II2+I12=1I12+1]2=12+11>2
Self Practice Problem :
T
1. Ina AABC,ifb=2cm,c = \/§cm and ZA = —, then find distance between its circumcentre and ¢

. 6 ’
incentre.

Ans. \/2—\/5 cm
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