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Solved Example Find unit vector of i—2j+3k

Solution i =i-2jraK j d=ad+a,+ak

Solved-Example Find values of x & y-for which.the vectors a'=(x+2)0=(x- y)] + k
b=(X=1)] + (2x+y)] +2k are parallel.
. X+2 y—X 1
Solution 3 and p are parallel |f 1 2xsy s 2

2.

w

>

Vector

Vectors & Their Representation:
Vector quantities are specified by definite magnitude and definite directions. A vector is generally

represented by a directed line segment, _say AB. A is called the initial point & B is called the[\

terminal point. The magnitude of vector AB is expressed by | AB |. S

Zero Vector: A vector of zero magnitude is a zero vector. i.e. which has the same initial & terminal §
point, is called a Zero Vector. It is denoted by O. The direction of zero vector is indeterminate.

()

Unit Vector: A vector of unit magnitude in the direction of a vector 3 is called unit vector along a &
= Qo

and is denoted by a symbolically, a =% .

Equal Vectors: Two vectors are said to be equal if they have the same magnitude, direction & é

represent the same physical quantity.
Collinear Vectors: Two vectors are said to be collinear if their directed line segments are parallelm
irrespective of their directions. Collinear vectors are also called parallel vectors. If they have theo
same direction they are named as like vectors otherwise unlike vectors.

Symbolically, two non zero vectors a andb are collinear if and only if,a= Kb , where Ke R

. . ~ - A . ~ . I T T
Vectors g =a,j + a,j + ask and p =b,j + b,j + bzk are collinear if b_ = 5. = ba
2 3

. K. Sir), Bhopal Phone : 0903 903 7779, 09893

Coplanar Vectors: A given number of vectors are called coplanar if thelr line segments are al
parallel to the same plane. Note that “Two VecTors ARE ALways COPLANAR”.

then |a| = ,/aX2+ay2+a22 lal = A4
._ a7 1. g 8
& ~fal = Jid 1 qa )tk

x==5y==-20

Angle Between- two Vectors
It is the smaller angle formed when the initial pomts or the terminal points of the two vectors are,I
brought together. It should be noted that 0® < 6 < 180°.

<0 /46\
Addition Of Vectors:

- — — - - .
Iftwovectors 3 & b are represented by OA & OB, then their suma+b is a vector represented

by OC where OC is the diagonal of the parallelogram OACB.

da+b = b+a (commutative) & (@+b) +¢ = 4+ (b+¢) (associativity)
a+0=a=0+a =  d+(-d) =0=(-d)+d <«  |a+b|<|a|+|b|
>||al-|b]| @‘éik—) \/|a| +|b[? +2|a||b|cose where 8 is the angle between the vectors=,

a b
A vector in the direction of the bisector of the angle between the two vectors a&b |s ‘ ‘ Hence

bisector of the angle between the two vectorsaand b is A (é + 13) , Wwhere Ae R*. Bisector of the exterior

Teko Classes, Maths : Suhag R. Kariya (S.

angle between 3 &b isA (?1 - B) , Le R*.
Multiplication Of A Vector By A Scalar:

Ifa is a vector & mis a scalar, then m a is a vector parallel to a whose modulus is |m | times that of
a . This multiplication is called ScaLar MuLtipLicaTion. If 3 and b are vectors & m, n are scalars, then:
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m(a)=(a) m=ma m (na) = n(ma) = (mn)a
(M+n)a=ma+ na m(a+b) = ma + mb

Solved Example: If 3=i+2]+3k and b=2i+4]j-5k represent two adjacent sides of a parallelogram, find

unit vectors parallel to the diagonals of the parallelogram.

» Solution. Let ABCD be a parallelogram such that AB = @ and BC = b . =

Then, AB + BC = AC = AC = a+b = 3i+6j-2k ~— 2 - c “E

g FBBD-AD o AD4AD -8 f > g

S mimes Lk
Now, AC = 3i+6j—2k = |AC| = J/9+36+4 =7 A . A

and, Bp = i+2]-8k = |BD|=+1+4+64 = 69 %

Unit vector along AC = % % (3I+6J ) g

B 1, 2

and, Unitvectoralong gp = E = E (i +2j—8k) g

Solved Example ABCDE is a pentagon. Prove that the resultant of the forces AB, AE, BC, DC, ED

Solution. Let R be the resultant force D

Self Practice Problems :

—r

N

s',/\

& I

—_—

—_— —_ —_— -

and E is3ﬁ.

- R=AB + AE + BC + DC + ED + AC
~R= (AB+BC) (AE+ED+DC) AC

- AC + AC'+ AC A B
- 3AC./Hence proved

Express : (i) The vectors BG CA-and pg.in terms of the vectors oa , OB and o¢
(ii) The vectors QA , OB and interms of the vectors o¢, OB and o¢ -

Ans. () BG-0C-0B, CA=0OA=0C, AB=0B-0A
Given a regular hexagon ABCDEF with centre-O, show that

. Sir), Bhopal Phone : 0 903 903 7779

) OB — OA = OC — OD ()@+ﬁ—2@+ﬁ(m)ﬁ+ﬁ§+%-4ﬁ
The vector i+ j—k bisects the.angle between the vectors ¢ and 3i + 4] . Determine the unit vectorx
o
long & A —1f+ 25 14p ;
along ¢. ns. 3 J 15 2
The sum of the two unit vectors is a unit vector. Show that the magnitude of the their difference is J3. _g
Position Vector Of A Point: <§s
let O be a fixed origin, then the position vector of a point P is the vector OP.If 3 and b are p03|t|on0:
vectors of two points A and B, then, o
AB = b-a =pv of B —pv of A. B(b) 3
b-a >
DISTANCE FORMULA A(3) n
Distance between the two points A () and B(b) is AB = ‘ a-b ‘ 5 a2
SECTION FORMULA ©
N - » . A(3) R(r) =
If a and b are the position vectors of two points A & B then the p.v. of ”’;,7 5
. L . L _ na+mb Q
a point which divides AB in the ratio m: nis given by: r = . B(b) b
m+n ©
0 o
Note p.v. of mid point of AB = a+b °
()
|_

Solved Example: ABCD is a parallelogram. If L, M be the middle point of BC and CD, express AL and

. — . . . 3 —
AM in terms of AB and AD, also show that AL + AM = 5 AC.

Solution.Let the position vectors of points B and D be respectively p and 3 referredto A as origin of reference.

—_—

Then AC = AD + DC = AD + AB [ DC = AB]



S
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SO RN
From (i) and (i) we find that : AK = 3 (a_+ b)= AM, and so we(conclude that'Kiand M coincide. i-e. DE

elf Practice Problems

N

w

=d+b AB =b, AD = d
i.e.  position vector of C referredto Ais d + b
AL = pv of L, the mid point of gd
Sy — 1
——[pvofD+pvofC] (b+d+b)=AB+§ AD =~
-
AM = = |d+d+b| = AD +— AB %
2 2 X
Aol a.asts 2
AL + A =b+2d+d+2b 8
3- 3- 3
=Eb+_d ——(b+d)—EAC.
Solved Example If ABCD is a parallelogram and E is the mid point of AB, show by vector method thatco
DE trisects and is trisected by AC.
Solution. Let AB = a andAD=b
ThenBC =AD =b and AC=AB+AD =42+ Db
Also let K be a point on AC, such that AK:AC=1:3
D C
M
K
A E B
1 — 1 . -
of, AK——AC = AK—E(a+b) ......... (i)
Again E being the mid point of AB, we have
AE = %a
Let Mbe the point on DE such that.DM : ME = 2': 1
—  AD+2AE ~b+a
AN - ADF2AE oA oo L W A (i)

1+2 3

trisect AC and is trisected by AC. Hence proved.

If 3 b are positionvectors of the points (1,~1), (=2, m), find the value of m for which 3 and p are
collinear. Ans. m=2

The position vectors of the points A, B, C, D are i+ j+k, 2i +5], 3i+2j—3k , i—6]—k respectively.
Show that the lines AB and CD are parallel and find the ratio of their lengths. Ans. 1:2

The vertices P, Q and S of a triangle PQS have position vectors p,q and g respectively.

(i) Find m, the position vector of M, the mid-point of PQ, in terms of p and q.
(i) Find 1 , the position vector of T on SM such that ST : TM =2 :1,interms of p,q and §.
(iii) If the parallelogram PQRS is now completed. Express 7 , the position vector of the point R in

terms of p,q and §
Prove that P, T and R are collinear.

1 .

Ans. m =75 (P+a) . t=5 (p+q+s),

D, E, F are the mid-points of the sides BC, CA, AB respectively of a triangle. Show FE = 1/2 BC and

that the sum of the vectors AD, BE , CF is zero.
The median AD of a triangle ABC is bisected at E and BE is produced to meet the side AC in F; show ¢
that AF = 1/3 AC and EF = 1/4 BF.

Point L, M, N divide the sides BC, CA, AB of AABC in the ratios 1 : 4,3 : 2, 3: 7 respectively. Prove-<

that AL + BM + CN is a vector parallel to gk , when K divides AB in the ratio 1 : 3.

q+p-

\) | -
Maths : Suhag R. Kariya (S R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

es,

Teko Clas

Scalar Product Of Two Vectors:
Geometrical interpretation of Scalar Product

Let a and b be vectors represented by OA and OB respectively. Let 8 be the angle between OA and

OB. Draw BL L OA and AM L OB.
From As OBL and OAM, we have OL = OB cos 8 and OM = OA cos 0. Here OL and OM are known as



projections of b on & and a on b respectively.
Now, a.b =|allplcos®
=|3|(OBcos0)
=|al(OL)
= (Magnitude of a) (Projectionof b on a)  ........ (i)
Again a.b =|allplcosb=]|p|(lalcosh)
=| p| (OA cos 0)
=| bl (OM)

= (magnitude of b ) (Projectionof a on b)  ........ (i)
Thus geometrlcally interpreted, the scalar product of two vectors is the product of modulus of either
vector and the projection of the other in its direction.
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1. iLi=jj=kk=1; i.j=jk=Kki=0 & projection of aonb_aT
|b|

2. ifa =a,i+a,+ak &b = b,i+b,j+ bk thend.b = a,b,+a,b,+ab,

la = \a,> +a,” +a;’ , ‘b‘ = \/bl2 +b,% +b,?

- ab

3. the angle ¢ betweens & b is given byC0S ¢ = a] (b 0<o<m
4 a. 5=|é| ‘5‘ cos® (0<O<T), notethatif 8 is acutethen a.b >0 & if 6 is obtuse thend.b <0
5 a.a= |52= a2, ab=ba (commutative) = a. (b+C)=a.b+a.c (distributive)
6. a.b=0o2alb (@=0 b=0)
7 (m a).b'=d .(m B) =m (5 . B) (associative) where m is scalar.
. Note: (i)~ Maximumvalueofd.bis|a| [b] (i)  Minimumvalueofa.bis —|a| |b]|
(iii)  Anyvectora can be written as, a =(5 . f) i+ (5 . ]) i+ (5 . f() k.
Solved Example Find the value of p for which the vectors a = 3i + 2j+9k and b=i+pj+3k are

(i) perpendicular (i) parallel
Solution. () 3.p5 = a.b=0 = (3T+2]+9R) . (?+p]+3R) =

- /8+20+27=0= p=-15
(ii) We know that the vectors @ = aqi4a,j+ask and p = b,i+b,j+bsk are parallel iff

As2b o (aitay]+ak) =1 byl +byj+bsk) = a, =1b,, a,=Ab, a,=1b,
a  a &

© b, b, = b (=M
So, vectors 3 = 3i+2j+9k and p = i+pj+3k are parallel iff

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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3 _2_°9 3 2 2/3
Solved Example: fa+p+cé=0,lal=3 |b|=5and|c| =7, find the angle between 3 and .
Solution Wehave, 3+b+¢ =0
= &+b =-¢ = (a+b). [@+b) = (-¢) . (&)
L -2 R ~ ~ 2 - -
= ‘a+b‘ = |cf? = |a|2+‘b‘ +2a.b=|c|2
~ 2 2 .
= af +[6[ +2]a] [b| coso=|cf
1 L
= 9+25+2(3)(B)cos6=49 = cose=§ = 9=§.
Solved Example Find the values of x for which the angle between the vectors 3 = 2x2 i +4x J + k and
b =7i-2] +xk is obtuse.
] a.b
Solution. The angle q between vectors g and p is given by cos 6 = B



Q!
(op!

Now, 6 is obtuse = cos0<0 = ~ . <0
lallb]
= a.b <0 [, ]al,|b|>0]
= 14x2-8x + x < 0
1
= 17x (2x —1) <0 :x(2x—1)<0:0<x<§ E
Hence, the angle between the given vectors is obtuse if x € (0, 1/2) g
Solved Example:D is the mid point of the side BC of a triangle ABC, show that AB2 + AC2=2 (AD? + BD?) &
Solution. We have %
AB - AD * DB g
= AB? = (AD +DB)?
=AD?+ DB+ 2AD . DB e, (i)
Also we have
AC = AD + DC —  AC?= (AD+DC)?
=AD2+DC2+ 2AD . DG eeeeerenn, (i)

Adding (i) and (ii), we get
AB? + AC? = 2AD? + 2BD2 + 2 AD . (DB +DC)

= 2(DA? + DB?), for DB + DC =0
Solved Example

Ifa=i+]j+kandb =2i-]+3k,then find
(i) Component of b _along-a- (i) Componentof b perpendicular to along a.
Solution. (i) Component of b along a is

[léaﬂz] ;

Here a.b =2-1+3=4

(o]

(S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

lal® =3
a.b) | 4. 4. ..
Hence _|5|2 a=g3as 3(| + j+Kk)
. A a.blor . L.
(i) Component of b perpendicular to along a'is-b— E a.= 3 (zi _7j+5k)
| = 0
Self Practice Problems :1.If a and b are unit vectors and 6 is angle between them, prove that tan 5=
|a-b] , , o . ©
13+b]° 2.Find the values of x and y is the vectors 3 = 3i+xj-k and p = 2i+ j+yk are mutually.=
©
erpendicular vectors of equal magnitude Ans 3 _ 4 !
perpendicular v qu gnitude. R TLR T o
3.Let 3 = x?i+2j-2k, b= i—j+k andc = x?/ +5]—4k be three vectors. Find the values of x for which theg
angle between 3 and p is acute and the angle between p and ¢ is obtuse. Ans.(—3, -2) U (2, 3) J"’)

e

The points O, A, B, C, D, are such that A =3, OB=b> OC=23+3b: OD =4+ 2b- Give that the

length of QA is three times the length of Qg show that BD and AC are perpendicular.
ABCD is a tetrahedron and G is the centroid of the base BCD. Prove that

AB? + AC? + AD? = GB? + GC? + GD? + 3GA?

Vector Product Of Two Vectors:

e

Ifa&b are two vectors & 6 is the angle between them thendx b = |5|‘B‘ sin® n, wheren is the unit

vector perpendicular to both 3 & b such thata , b & ii formsa right handed screw system.

Teko Classes, Maths

Geometrically‘ﬁ X b‘ = area of the parallelogram whose two adjacent sides are representedbya & b.
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N A N

ik
If§=a1f+a2]+a3R &b=b1i+b2]+b3R then axb=|a, a, a,
by by bg

ixb#Dbxa (notcommutative)

(md)xb =3 x(m B) =m (5 X B) (associative) where m is a scalar.

ax (b+¢) = (@xb) + (ax¢) (distributive)

axb=0¢ a & b areparallel (collinear) (@0 , b#0)i.e.da=Kb ,whereKis ascalar.

B b
Unit vector perpendicular to the planeof a & b is n =+ zjxa
‘axb‘
. r ﬁxb)
A vector of magnitude ‘r’ & perpendicular to the palneof a & bis * ‘a a‘
axb
. ‘EXB‘
If 8 is the angle between a & b then sin® = HH
a||b

If 5,6 & ¢ are the pv’s of 3 points A, B & C then the vector area of triangle ABC =

1. - i o~ =
5 axb + bxc'+ cxa|.The points A, B & Gare collinearif axb+bxc+cxa=0

- - 1< -
Area of any quadrilateral whose diagonal vectors ared, &:d, is given by B ‘dl Xdz‘

- - —-12 -
Lagrange's Identity: for any two vectorsa & b;(axb) =|€1|2‘b‘ —(ab)’ =

ol o

ol o)

ol )

ol e

Solved Example
Find a vector of magnitude 9, which is perpendicular to both the vectors 4i+ ] +8k and —2j + ] oK .

Solution. Let g = 4i—j+3k and p = —2i+j—2k. Then,
ik
axB =] 4 TV 3| ce=8)i-(84+6)]+@-2) = —i+2)+2k
-21 -2
= |axb| = (-1)2+22+22 =3
. axb 9 . . . o
Required vector = 9 m =3 (-i+2j+2k) = —3i+6]+6k

Solved Example

For any three vectors 3, b, ¢ . Show that ax(b+¢)+bx(C+a)+cx(a+b)=0-.

Solution. We have, 3 x (0+¢) + b x (C+3) + & x (3+b)
= axb+axC+bxC+bxa+cxa+cxb [Usingdistributive law]
= axb+axG+bxG-axb-axé-bxe [+ dxb=-bxa etc]
Solved Example: For any vector 3, provethat  |axi|? + |axj|? + |axk[? =2 |&[?
Solution. Let 3 = a1€+a2]+a3R . Then
axi = (aji+ayj+agk) x | =a,(ixi)+a,(jxi) +a, (kxi) =-a,k+agi
= |axi? =a2+a?
ax| = (ayi+ayj+ask) x j = ajk—asi
= |ax|[? = a2 +a> = |axk > =a2+a>

|axi? +|axj? +|axk]? =a2+a’+a’+a’+a’+a?’
2(d2+a’+a?) =2 El
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Solved Example: Let OA = a, OB =104 + 2b and OC = b where O'is origin. Let p denote the area of the

quadrilateral OABC and q denote the area of the parallelogram with OA and OC as adjacent sides.
Prove that p = 6q.

Solution. We have,
p =Areaof the quadrilateral OABC
1 -
= 5 |0BXAC| E
1 )
B (A~ AR N
) |OBx(OC—-0A) | o
1 )
=5 [(10a+2b)x (b-a)] S
1 L= - - - o
=3 |10(axb—-10(axa)+2(bxb)—-2(bxa) | 5
1 o &
= 5 110(axb)-0+0+2(@xb)| 3
and, q = Area of the parallelogram with OA and OC as adjacent sides 8
= |OAxOC| = |axb| . (ii) §
From (i) and (ii), we getp = 6q
Self Practice Problems : ©
1. If p and g are unit vectors forming an angle of 30%; find the area of the parallelogram having a =p +2q 'o\u“
and b =2p+q as its diagonals. Ans.  3/4 sq. units Ny
2. Showthat{(a + b + ¢)x(C —b)}.a=2[a b ¢]. Py
o

w

e

o

q

9

q

q

q

Prove that the normal-tothe plane containing the three points whose position vectors are 3, b, ¢ lies iNey
o

9

the direction bxC +cxa+axb
ABC is atriangle and EF is any strai%ht line parallel to BC meeting-AC, AB in.E, F respectively. If BR©
anp(‘jR%Q beA%rswn parallel to AC, AB respectively to meet EF in R and Q/respectively, prove that -Cl.;
A =A .

Scalar Triple Product:

The scalar triple product of threewvectorsg | b & ¢ isdefinedas: axb.cC =|5| b‘ |5| sind cos ¢ whereg
Q

Phon

0 is the angle betweend & b & ¢ is the angle betweend xb & ¢ . It is'also_written as[d b Jand 2

spelled as box product. e

m Ol

Scalar triple product geometrically represents the volume
of the parallelopiped whose three coterminous edgesare

representedby a,b& ¢ i.e. V=[a b¢]

In a scalar triple product the position of dot & cross can be interchanged

.(bxc)=(dxb).¢ OR [@bc]=[bcd]=[cab] A P
a.(bx¢)=—4.(¢xb) i.e. [ab¢] = —[acb]

a; a, aj
If @=a,i+a,j+ak;b =b,i+bj+bk &C = c,i+cj+ckthen[dbcl=|b, b, bs|.

€ € G5

Ingeneral,ifd = a,] +a,m+a;i;b=b,I +b,m+bsn & ¢=c,I +c,i+c;i
a, a, a,
then[ﬁBE] =b, b, b, [Tﬁlﬁ] :where 7 , in & fi are non coplanar vectors.
G & G
If3,b,¢ arecoplanare [a b ¢]=0.
Scalar product of three vectors, two of which are equal or parallel is O i.e. [566] =0,
Ifi, b, ¢ are non —coplanarthen[a b ¢]> 0 for right handed system & [a b ¢] < 0 for left handed
system.

[ijK] =1 < [Kibc¢]=K[ab¢] < [@+b)cdl=[d¢d]+[bcd]
The volume of the tetrahedron OABC with O as origin & the pv’s of A, B and C beinga , b&¢ respectively

eko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), B

=

| B
is given by Vzg[abc]



& The positon vector of the centroid of a tetrahedron if the pv’s of its vertices area , b, ¢ & d are given by
1 - - _ -
Z [a+b+c+d].

Note that this is also the point of concurrency of the lines joining the vertices to the centroids of the
opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is
equidistant from the vertices and the four faces of the tetrahedron.

Remember that:[ﬁ—f) b—¢ 6—5] =0 &[5+B b+¢ 6+5] - 2[5 BE].
Solved Example

Find the volume of a parallelopiped whose sides are given by —3?+7]+5R, —5?+7]—3R and 7?—5]—3R
Solution. Let a=-3i+7j+5k, b=-5i+7j+3k and ¢ =7i-5]—3k -

We know that the volume of a parallelopiped whose three adjacent edges are 3,b, ¢ is ‘ [a, b, cl ‘ .

-3 7 5
N - -5 7 -3
ow, [abc]= ; 5 g =-3(-21-15)-7(15+21) + 5 (25 -49)
=108 — 252 - 120 = —264
So, required volume of the parallelopiped = ‘ [4,b, €] ‘ =|—264 | = 264 cubic units
Solved Example: Simplify [A—bb—¢ ¢ - a]
Solution. We have:
[a-bb-c¢c-2a] = {(a-b)x(b-¢)} - (€-a) [by def.]
=(axb—axc-bxb+bxc) . (¢=<2a) [by dist. law]
= (Axb+CExa+bxc) . (C—a) [ bxb=0]
= (@xD) - ¢ — (3&xDb) - & + (Cxad) . ¢ =(Cxa) . 3 + (bxE) - ¢ = (bxE) - a
[by dist. law]

= [ab¢] — [dba] + [cac] — [caa) + [bEE] — [bCal

= [abc] = [bc a] [ scalar triple product when any two vectors are equal is zero ]

= [abc] - [abd] =0 [ [Bca]=[abc}]
Solved Example: Find the volume of the tetrahedron whose four vertices have position vectors a b ¢ and d.
Solution. Let four vertices be A, B, C, D-withp.v. a b ¢ and.d- respectively.
DA | =(a=d)
DB =(b—d)
DC " =(c -d)
1 . . . L
Hence volume = Py [a-db-dc-d]
1 - . . . -
=g(a—d).I(b—d)x(c-d)
1. - .
=5(@-d).[bxC¢-bxd+Cxd]
1 - L. - L - Lo
=gillabc]l-[abd]l+[acd]-[dbc]
1 . - . L - .
=gillabc]-[abd]l+[ac dl-[bcd]}
Solved Example: Show that the vectors a = —2i + 4] -2k, b=4i-2j-2k and ¢ =—2i —2] + 4k are coplanar.
-2 4 -2
Solution: The vectors are coplanar since [abc]=| 4 -2 -2|=0
-2 -2 4

Self Practice Problems : 1. Showthat a.(b+¢)x(@a+b+¢)=0
One vertex of a parallelopiped is at the point A (1, —1, —2) in the rectangular cartesian co-ordinate. If three
%crj‘jacent7\éertices are at B(-1, 0, 2), C(2, -2, 3) and D(4, 2, 1), then find the volume of the parallelopiped.

S.
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w

Find the value of m such that the vectors 2i —j+k, i+2j—3k and 3i+mj+5k are coplanar.
Ans. -4
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Show that the vector 3, b, ¢, are coplanarif andonly if 5+ &, ¢+2a, 34+ b are coplanar.

Vector Triple Product:

Leta , b , C be any three vectors, then the expressiona x (B X C) is a vector & is called a vector
triple product.

Geometrical Interpretation of 3 x (b x ¢)

©

Consider the expressiond x (b x ¢) which itself is a vector, since it is a cross product of two g
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vectorsd & (bx¢). Now3 x (bx ¢) is a vector perpendicular to the plane containinga & (bx¢) %
butb x ¢ is a vector perpendicular to the plane containingB & ¢, thereforea x (B X ¢) is a vector 8
which lies in the plane of b & ¢ and perpendicular tod . Hence we can expressi x (B X ¢) interms

of b & ¢ i.e.ﬁx(BxE) =x5+y6 where x & y are scalars.

& ax(bxc)= (@.0)b—(@E@.b)¢ s @xb)x< =@.0b—(b.0)d
& (@xb)x ¢ # ax(bx¢),ingeneral
Solved Example For any vector 3, prove that |><(a><|)+J><(a><J)+k><( R) =23
Solution. Let a=aji+a,j+agk. Then, ix(@xi)+jx(@x])+kx(@xk)

= {(i.a-(i.a)i} + {(.ha-(.a)}) + {k.ka-(k.ak}
{@a-(i.a)iy+@a-(.a)p) + {a-(k.ak)
3a—{(i.a)i+(j.a)j+(k.ak

33— (ayi +a,) +ask)

= 3a~a=2a
Solved Example Prove that ax{bx(¢xa)} = (b.d)(@xc) = (b.¢) (axd)
Solution. We have,
ax{bx(Exa)} = ax{(b.d)c—(b.c)d}
= ax{([®.d)ey-ax{(b.c)d} [oy dist. law]
C

r), Bhopal Phone : 0 903 903 7779, 098930 58881.

oj — 2k and ¢ = 2} — oj + K. Find the value(s) of a, if’

(o)

Il

—->

+ -
N

Solved Example: Let 3 = ai + 2] -
any, such that {(axB )x(bxé
Solution.: {(axb)x(bxc )} x (¢cxa
- [ b ¢ px(@xa) -lbec|{G.6e-b.ca}
which vanishes if (i) (&.5) ¢ = (6.¢) & (i) [ b &] =0
(i) (5,6) (b c) a leads to the equation2 a®+ 10 v+ 12 = 0, &« + 60 = 0 and 6 — 6 = 0, which do

k
} x (Gxa ).= 0. Find the vector product when o = 0.
)

n
N4
o
)
©
>
S
X
not have a common solution.  (ii) [a b c] =0 o
a 2 -3 §’
- 2
= 1 2a 2 =0 = 3a =2 = o= 7 J_’)
2 -a 1 3 .
~ " 2]
when a = 0, [é b 6] =-10, a.b =6, b.¢ = 0 and the vector product is — 60 (2| k) %
L o . axb+a . Bxé+éQé|2—1) =
Sol Exalf A+B = A.a-= d AxB = b, then prove that A = e and B = BE .5
(o)
-~ - 2]
Solution.: GivenA+B=a (i) s
=  4.(A+B)-3a.a = A+id.B=-=a.a = 1+a.B=|aP O
- ~ I L L - @)
=  a.B=laf -1 Given AxB=b=  ax(AxB)=a x b T4
Lo=) = L) - - —
= (a.B)A—(a.A)Bzéxb
= (|é| —1) A-B = axb [using equation (2)]
solving equation (1) and (5) sim

ultaneousl( we get

axb+a 4 bxa+alal® -1
—Z@ andB - —e
lal EY




Sol. Ex. Solve for 7, the simultaneous equations yxp=cxp, r.a=0 provided g is not perpnedicularto .

Solution (F-C) x b = = ¥ —¢ and g are collinear
F—¢=kb = F=Gakh  ceeeeenr (i)
r.a=0 = E+kb) . a =0
a.¢ o aG
= =~ 3b putting in (i) we get r=c- ie b

Solved Example :If 53 +kx =b, Where k is a scalar and 3 b are any two vectors, then determine % in
terms of 3,b and k.

Solution: IXA+KX =D ceeeennns (i)
Premultiple the given equation vectorially by 3
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ax(xxa) + k (axX) = axb
= (3.3)X—(32.X) a+k(@XX) =axXD .eereenne (ii)
Premultiply (i) scalarly by 3
[axa] + k(@.x) = a.b
k(@.X)=a.b ... (iii)
Substituting xxa from (i) and a. x from (iii) in (ii) we get

_ > {k6+(éx6)+(a'b) é}

)"(_

a®+k k
Self Practice Problems : 1. Prove that ax (bxc)+bx (¢ xa)+cx(axb)=0-
2. Find the unit.vector coplanar with i+ ] +2k.and i + 2] + k and perpendicular to i+ ] + k.

7 . 1. .
Ans. (=] k) or Rk

Prove that ax{ax(axb)} =(a.a) (bxa) -

1 1 1-\-
Giventhat X+ =z (p-Xx) 5:a,showthatp.x=§p.q and find 3 intermsof p and q.

P
X.b =

o

If x.a = 0and x.c = 0for some non-zero vector %, then show that [a b ¢] =

Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.

(r.a) (bxc). (F.b)(Exa) (F.c)(axb)
[@bc] ™. [abc] T [abc]

o

Provethat 7= where a,b, ¢ are three non-coplanar vectors
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10. Reciprocal System Of Vectors: if 4 b, ¢ & @ ,b',¢" are two sets of non coplanar™
vectors suchthat 3.3' :B B' =¢.¢' =1 thenthe two systems are called Reciprocal System of vectors.%
. bx¢ - ¢&xa. axb =
Note: *“Tive]” hbel® Tbe N
) o
Solved Example If ab¢ and &, b’, ¢’ be the reciprocal system of vectors, prove that %
()a.8+b.b’+¢.¢" =3 (i) axa +bxb +Ex¢' =0 c-%
Solution. ()Wehave: 3.3 =b.b" =¢.¢ =1 -
a.a +b.b +¢.¢  =1+1+1=3 %
B o B 1 =
(ii)Wehave: 3 =A (bxc), b’ =X (cxa) and ¢’ = A ((axb), where A = 6 q] g
axa =axAbxc)=AMax(bxc)} =A{(&.c)b-(a.b)c} 2
bxb =bxA(Cxa) =AMbx(Exa)} =A{(b.a)c—(b.c)a} Cg
and  ¢x¢ =cxA(@xb)=MCx(@xb)} =A{(C.b)a—(c.a)b} $
axa +bxb +¢xc’ =
=2 {@.¢)b-(a.b)}+A{(b.a)c—(b.C)a}+ A{(C.b)a—(C.a)b}
=A[@&.C)b—-(a.b)c+(b.a)c—(b.C)a+(c.b)a—(c.a)b]
=A[@&.¢)b-(a.b)c+(@a.b)c—(b.¢)a+(b.c)a—(a.c)b]
= A0=0



